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SUMMARY 

A s ta t i s t ica l  model   o f   d rop- impact   e ros ion  ra te  has   been   deve loped  

i n  terms of   occu r rences  a t  t h e  s i te  of a t y p i c a l  cel l .  The  model i s  re- 

s t r i c t e d   t o   b r i t t l e  materials whose   s t r eng th   and /o r   ene rgy-abso rb ing  

c a p a b i l i t y  is  small i n   c o m p a r i s o n   w i t h   t h e   e n e r g y   d e l i v e r e d   b y   e a c h   d r o p  

i m p a c t .   C o n s i d e r a t i o n   o f   t h e   c h a r a c t e r i s t i c  mode o f   f a i l u r e   o f   s o l i d s  

unde r   s ing le -d rop   impac t   ( fo rma t ion  of a c i r c u l a r   c r a c k )   l e a d s   t o   t h e  

r e s u l t   t h a t ,   i f   e a c h   i m p a c t   p r o d u c e s   f r a c t u r e   o f   t h e   s o l i d   s t r u c k ,  i t  

is  imposs ib le   to   remove   one   f ragment   f rom  each  c e l l  i n   a n   a r r a y   o f  cells 

without   removing a l a y e r   o f  material t h a t  i s  many f r a g m e n t s   t h i c k .  

The e f f e c t   o f   c h a n g i n g   a n g l e   o f   a t t a c k  as s u r f a c e   r o u g h n e s s   i n c r e a s e s  

w i t h  tes t  time i s  r e f l e c t e d   i n   t h e  number  of   impacts   required  to   remove 

an   e roded   f r agmen t ;   t he   r equ i r ed  number  of  impacts  includes  non-crack- 

f o r m i n g   i m p a c t s   w h i c h   r e s u l t   o n l y   i n   w o r k - h a r d e n i n g   i f   t h e   s o l i d   u n d e r  

test is a metal. 

An e x p r e s s i o n   f o r   t h e  rate of  f ragment   e jec t ion   has   been   deve loped  

by  summing t h e   b i n o m i a l   p r o b a b i l i t y   f o r  x h i t s   i n  n trials between 

l i m i t s  imposed  by a c o u n t i n g   r u l e .  The c o u n t i n g   r u l e  i s  a f u n c t i o n   o f  

r e l a t i v e   i m p a c t   v e l o c i t y ,   d r o p  mass, s t r e n g t h  of t h e   s o l i d ,   a n g l e  of 

a t t a c k  of t he   imp ing ing   d rops ,   work -ha rden ing   capac i ty   o f  a metal, and 

accumula t ed   subsu r face  damage.  The  volume  of a typ ica l   f r agmen t   has   been  

found  to   vary  as t h e   t h i r d  p o w e r   o f   t h e   i m p a c t   v e l o c i t y   i f   t h e   e r o d e d  

f ragment  i s  a t e t r ahedron   and  as t h e   f o u r t h  power   o f   the   impact   ve loc i ty  

i f   t h e   e r o d e d   f r a g m e n t  is  a p r i sm.   Th i s   ve loc i ty   dependence  i s  r e f l e c t e d  

i n   t h e  rate of volume  loss .  

A p a r t i a l  test o f   t he  rate equat ions   has   been   per formed  us ing   drop-  

i m p a c t   v o l u m e - l o s s   d a t a   f o r   f i v e   s e l e c t e d  metals. The  agreement  between 

t h e o r e t i c a l   a n d   e x p e r i m e n t a l   v o l u m e   l o s s  i s  a c c e p t a b l e  when the   theo-  

re t ical  l o s s  i s  o b t a i n e d   w i t h   e r o d e d   f r a g m e n t s   o f   e q u a l   ( a v e r a g e )   s i z e .  

The  agreement i s  s u b s t a n t i a l l y   i m p r o v e d  when f r agmen t s  of  i n c r e a s i n g  

volume are cons ide red .  

Cor re l a t ion   has   been   found   be tween   t he  0.2 p e r c e n t   o f f s e t   y i e l d  

s t r e n g t h   a n d   t h e  number  of   impacts   required  to   remove  an  eroded  f ragment .  

xi 
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C o r r e l a t i o n   h a s   a l s o   b e e n   f o u n d   b e t w e e n   t h e   u l t i m a t e   t e n s i l e   s t r e n g t h   a n d  

bo th   t he   vo lume   o f   an   e roded   l aye r   and   t he   pe rcen tage   change  i n  l a y e r  

volume . 
The s ta t is t ical  model i s  n o t   c o m p l e t e l y   d e v e l o p e d   s i n c e  two q u a n t i t i e s  

t h a t  are needed t o  c a l c u l a t e   t h e  rate o f   e r o s i o n   w i t h   u s e  of t h e   e q u a t i o n  

t h a t  i s  g iven   mus t   be   a s ses sed   f rom  expe r imen ta l   da t a .  

F o r   i m p a c t   v e l o c i t i e s   o f   1 0 0 0   f t / s e c   o r  less, materials having  

s t r eng ths   comparab le   t o   t ha t   o f   aged   Ud ime t  700 a l l o y  are beyond  the 

limits of a p p l i c a b i l i t y   o f   t h e  s ta t i s t ica l  m o d e l   i n  i ts  p r e s e n t  s t a t e  

of  development. 
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A MODEL FOR  MULTIPLE-DROP-IMPACT EROSION 
OF BRITTLE SOLIDS 

I. INTRODUCTION 

When l i q u i d   d r o p s   o r  je ts  impinge   aga ins t   the   p lanar   sur face   o f  a soli,d, 

h igh   p re s su res   and   h igh   f l u id - f low  ve loc i t i e s  are produced.  If  impingement 

i s  con t inuous ,   even   t he   s t ronges t  materials e v e n t u a l l y   f a i l .   C a v i t a t i o n  

damage i s  similar t o  drop-impact damage.  Naude and E l l i s  ('Ia observed   tha t  

a high-speed je t  fo rms   du r ing   t he   co l l apse   o f  a cavi ta t ion   bubble .   This  

observat ion  has   provided a b a s i s   f o r   u n d e r s t a n d i n g   t h e   s i m i l a r i t i e s   t h a t  

e x i s t  . 
Eventual  development  of a t h e o r e t i c a l   e x p r e s s i o n   f o r   t h e  rate of  drop- 

impact   and  cavi ta t ion  erosion is impor t an t   fo r  several reasons.  From an  

appl ied   s tandpoin t ,   such   an   express ion  would make it  p o s s i b l e   t o  assess 

the  probable   weight  loss f rom  an   e rod ing   pa r t   ove r   an   a rb i t r a ry  t i m e  i n  

s e r v i c e .  It would a l so   p rov ide  a b a s i s   f o r   r a t i n g   t h e   r e s i s t a n c e  of ma- 

terials t o   t h i s  fo rm  o f   a t t ack .   In   add i t ion ,   t he   ve ry   p rocess   o f   deve lop ing  

and tes t ing   such   an   express ion   should   p roduce   va luable   ins ights   in to   the  

mechanism of t he   e ros ion   p rocess .  

The average rates a t  which  cavi ta t ion  and  drop-impact   erosion  progress  

have  been  assessed  from  experimental   weight-loss  data  for a number of metals 

by  several   groups of i n v e s t i g a t o r s .  Thiruvengadam  and  co-workers(2)  plotted 

an   average  rate a g a i n s t   t o t a l  test t i m e .  They found  curves  with  the  follow- 

i n g   f e a t u r e s :  a per iod   dur ing   which   essent ia l ly  no weight loss is  observed 

( incuba t ion   pe r iod ) ,  a pe r iod   cha rac t e r i zed  by a r a p i d   i n c r e a s e   i n   e r o s i o n  

r a t e   ( accumula t ion   pe r iod ) ,  a maximum rate, a d e c r e a s e   i n  rate ( a t t enua t ion  

pe r iod ) ,  and a s t eady- s t a t e  ,rate. Some va r i a t ions   o f   t hese   f ea tu re s   have  

been  observed  by  other   invest igators .  Hammitt, Robinson,  Siebert,  and 

Aydin~nakine '~)   found two and  even  three maxima i n  some but   no t  a l l  of 

t h e i r   p l o t s .  

%umbers i n   p a r e n t h e s e s   r e f e r   t o   l i t e r a t u r e   r e f e r e n c e s  a t  t h e  end of 
t h i s   r e p o r t .  

1 



H e ~ a n n ' ~ )   d i s c u s s e d  time dependence  of  erosion rate i n  terms of l ife- 

times of   layers   of  cells which were descr ibed  by s t a t i s t i ca l  d i s t r i b u t i o n  

f u n c t i o n s ;   n u m e r i c a l   r e s u l t s  were obtained  by  assuming  that   no damage is 

done t o   u n d e r l a y e r  material until it has  emerged t o   t h e   s u r f a c e .  Mok, (5) 

o n   t h e   b a s i s  of t h e   f a c t   t h a t  damage t o   u n d e r l a y e r  material does   occu r   i f  

stresses w i t h i n   t h i s  material exceed a c r i t i ca l  value,   produced a t rea tment  

of   e ros ion  rate based  on  cumulat ive  fa t igue damage; h i s   t r e a t m e n t   d o e s   n o t  

g i v e   t h e   i n i t i a l   o r   f i n a l   f e a t u r e s   o f   e x p e r i m e n t a l l y   d e t e r m i n e d   c u r v e s .  (2) 

Hammitt , Huang , Kling,   Mitchel l   and Solomon'6) developed a t rea tment  

of   e ros ion  rate based  on  the  energy-flux  concmt  of  Hoff,   Langbein,   and 

Rieger(7)  ; n u m e r i c a l   r e s u l t s  were obtained  by  excluding  mater ia ls  of h igh  

e ros ion   r e s i s t ance   such  as t h e   t o o l  steels a n d   h i g h l y   r e s i s t a n t   a l l o y s  

inc luding   the   fami ly   o f  Stell i tes.  

It  was suggested '8)   that  a t rea tment   o f   e ros ion  rate based  on l i f e t i m e s  

of i n d i v i d u a l  cel ls  might   prove  to   be  informative  because i t  would l e a d   t o  

cons idera t ion   of   success ive  states o r   c o n d i t i o n s   t h a t  exist as e r o s i o n   a t t a c k  

progresses .  A s  a f i r s t  approach t o   s u c h  a model  of  erosion rate, a simple 

bu t   phys i ca l ly   un rea l  case was considered.  (8) 

Li fe t imes   o f   t he  members of  an  assembly  of cel ls  can   be   t r ea t ed  sta- 

t i s t i c a l l y  by   cons ider ing   the   l i fe t ime  of  a cel l  i n   t h e   o r i g i n a l   s u r f a c e  

l a y e r  and the   l i f e t imes   o f   success ive   unde r l aye r   ce l l s   be low it through 

t h e   t h i c k n e s s  of t h e  test specimen. 1 I n   t h e   f i r s t  development or this 

c e l l u l a r  model ( s e e   S e c t i o n   I I ) ,   t h e   e r o s i o n   p r o c e s s  i s  i d e a l i z e d  by assum- 

i n g   t h a t  a l l  of  the  eroded  fragments  have  equal  (average)  volume. The 

attractive fea tu re   o f   t h i s   s imp l i fy ing   a s sumpt ion  i s  t h a t  i t  makes it 

p o s s i b l e   t o   c a l c u l a t e  ra te  of e ros ion ,   to   ca lcu la te   accumula ted  volume 

loss from t h i s  rate,  and t o  compare t h e   c a l c u l a t e d  volume lo s s  w i t h   t h a t  

obtained  experimental ly .  However, i t  has  been  reported  by Gould") t h a t  

t he   s i ze -o f   e roded   f r agmen t s   i nc reases   w i th   l apse   o f  t es t  t i m e .  A second 

development   o f   the   ce l lu la r  model (see Sec t ion  I V )  t a k e s   t h e   f e a t u r e   o f  

increas ing   e roded   f ragment   s ize   in to   account .  

'1 a m  indeb ted   t o  D r .  Wayne Nelson,  Information  Sciences  Laboratory,  
General Electric Company, Schenectady, New York, f o r   t h e   s u g g e s t i o n   t h a t  
t h e   c e l l u l a r  model can  be  developed i n  terms of a t y p i c a l  cel l .  
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11. STATISTICAL - MODEL BASED ON ERODED FRAGMENTS OF EQUAL VOLUME 

Development  of  an  equation  for  volume rate o f   e ros ion ,   i n  E o f   t h i s  

s e c t i o n ,  i s  preceded by a cons ide ra t ion  o f   m a j o r   f a c t o r s   t h a t   a f f e c t   t h i s  

rate, i n  A through D of t h i s   s e c t i o n .  

A. S t rength   o f   the   Sol id  Under T e s t  

The cha rac t e r i s t i c   appea rance   o f   su r f ace   roughness   t ha t   deve lops  as 

drop-impact  erosion  progresses is d i f f e r e n t   f o r  materials o f   d i f f e r e n t  

s t r e n g t h  and d i f f e r e n t   a b i l i t y   t o   a c c e p t   e n e r g y   e l a s t i c a l l y .  The extreme 

cases are: (A) materials whose a b i l i t y  t o  accept   energy   wi thout   f rac ture  

is small i n  comparison  with  the  impact   energy  del ivered by  each  liquid- 

drop  blow,  and (B)  materials whose a b i l i t y   t o   a c c e p t   e n e r g y   w i t h o u t   f r a c -  

t u r e  i s  l a r g e   i n  comparison  with  the  impact   energy  del ivered  by  each  l iquid-  

drop  blow.  For  any  given material, t h e   c l a s s i f i c a t i o n  is relative; i t  may 

b e   e i t h e r   i n  Class (A) o r   i n  Class (B) depending  on  the  impact  velocity  and 

drop mass used   i n   t e s t ing  it. 

The sur face   o f  a b r i t t l e  material of Class (A) i s  uniformly  eroded. 

For a material i n   t h i s  class, i t  appears  that   long-term  drop-impact  erosion 

mag involve  movement of   an   e roded   sur face   l ayer   th rough  the   th ickness   o f  

t h e  test specimen  (see  Figure  1,A). A Class (B) material w i l l  start t o   f a i l  

a t  weak s p o t s ;   t h e s e   s p o t s  may be   g ra ins   w i th   an   un favorab le   o r i en ta t ion   o r  

points   where several g r a i n s  meet as w a s  suggested by Von Schwarz  and 

Mantel .   ( lo)  When eroded   f ragments   a re   e jec ted   f rom  the  weak s p o t s ,   r e s i d u a l  

crack  ends  remain.   Residual  crack  ends are a b l e   t o  grow i n   l e n g t h  as more 

d rop   impac t s   occu r   w i th   t he   r e su l t   t ha t   e roded   f r agmen t s  w i l l  c o n t i n u e   t o  

be   e jec ted   f rom  the  weak s p o t s .   P i t s   e v e n t u a l l y   f o r m  a t  t h e  sites of   the 

weak spo t s   and   deepen   un t i l   t hey   p i e rce   t he  test  p l a t e   ( s ee   F igu re   1 ,B) .  

The  model of e ros ion  rate i n  drop  impact  and  cavitation  developed in 
" 

t h i s   r e p o r t  is d i r e c t e d   t o  materials of Class (A).  This means t h a t   e a c h  

impact  does some  damage t o   t h e   s o l i d   s t r u c k  (work-hardening o r   f r a c t u r e ) .  
"- - "- 
B. Geometry  of F rac tu re  

Baker, J o l l i f f e ,  and  Pearson  have  observed  that ,   for   corresponding 

p o s i t i o n s  on curves  of mass l o s s   a g a i n s t  mass  of  impinging water, s u r f a c e  

coarseness   increases   wi th   d rop  s i z e  and  dis tance  between  adjacent   erosion 

peaks is propor t iona l   to   and   of   the  same orde r  as the  drop  diameter .  It 

3 



I 

I 

A. Brittle  Material  of Low Strength 

B. Brittle  Material of High  Strength 

Figure 1. Progress of Erosion  on Two Brittle  Materials  of  Widely 
Different  Strengths. 
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has   a l so   been   observed   (12)   tha t   the   f rac ture   pa t te rn   p roduced  by  drop 

impact is a circle o r  polygon  of   cracks  depending  on  whether   the  sol id  

material is  i s o t r o p i c  or a n i s o t r o p i c ;   d i s t a n c e   a c r o s s   t h i s   f r a c t u r e   p a t -  

t e r n  i s  r o u g h l y   e q u i v a l e n t   t o   t h e   r a d i u s  of the  drop  that  impinged.  Fig- 

u r e  2 shows such a circle of c racks   in   ho t -pressed   a lumina .  

The geomet ry   o f   f r ac tu re   appea r s   t o   be   d i c t a t ed   by   t he  way i n  which 

an  impinging  drop  produces stresses i n   t e n s i o n  and   shea r   i n  a s o l i d .  When 

a l iqu id   d rop   impinges   normal ly   aga ins t  a p l ana r   so l id ,   t he   impac t   p re s su re  

e x i s t s   o v e r  a c i r c u l a r  area. By analogy  with  the  impact  of a s o l i d   s p h e r e ,  

r a d i a l   t e n s i l e  stresses around  the  compressed area must  be  imposed  and 

r e l e a s e d   d u r i n g   t h e   i m p a c t .   I f   t h e   t e n s i l e   s t r e n g t h  of a b r i t t l e   s o l i d  is  

exceeded   by   t hese   r ad ia l   t ens i l e  stresses, a s ingle   drop  impact  w i l l  pro- 

duce   no t   jus t   one   c rack   bu t  a l l  t h e   c r a c k s   t h a t   c o m p r i s e   t h e   c i r c u l a r  (or 

po lygona l )   f r ac tu re   pa t t e rn .   In   o rde r   t o   deve lop  a c e l l u l a r  model of drop- 

impact   erosion ra te ,  i t  i s  n e c e s s a r y   t o  assess t h e  number of cells  t h a t  w i l l  

r ece ive   c racks   dur ing  a s ing le   impac t   because   t he   c i r cu la r   f r ac t ion   pa t t e rn  

passes  through them. 

1. Number of Cracks  per  Impact  Produced i n  o-Cells 

L e t  drops,  a l l  of which  have  the same rad ius ,  r, impinge a t  normal 

incidence  over   an area A of  a tes t  specimen  and l e t  the   a r ea  A cons is t   o f  

an   a r ray  of cel ls  a l l  of which  have  the same area, o. Designat ing  the 

number of c e l l s   i n   a r e a  A wi th   t he  symbol q, 

L e t  the   a r ray   o f   o -ce l l s   be   represented  by a matr ix   of   c losest   packed 

circles; le t  t h e  cel l  diameter   be d. See Figure 3. L e t  t h e   f r a c t u r e  

p a t t e r n   b e  a c i rc le  having  radius   r /2   and l e t  t h e  c i rc le  o f   f r ac tu re   be  

in sc r ibed  on the   ma t r ix  of a -ce l l s .  A c e r t a i n  number of   o -ce l l s  is c u t  

by   t he   i n sc r ibed  c i rc le  o f   f r a c t u r e ;   t h i s  number is  designated  by  the 

symbol 11'. 
Three circles o f   f r ac tu re   w i th   r ad i i   Id ,   2d ,  and  3d, r e spec t ive ly ,  

have   been   inscr ibed   on   the   mat r ix   o f   a -ce l l s  shown i n   F i g u r e  3. A t  t h e  

bottom  of  Figure 3 the   count   of   a-cel ls   cut   by  the  inscr ibed circles of  

f r a c t u r e  i s  tabulated  along  with  corresponding  numbers  obtained by 

d iv id ing   the   c i rcumference  of t h e  c i rc le  of f r a c t u r e  by the  ce l l  

5 

._  -. ... " .. .. 



(a)  Projecti le  plate:   hot-pressed  alumina; 
ta rge t :  2-mm mercury  drop;  impact 
velocity:   1403 f t  per  sec. 

(b) Schematic Drawing of Subsurface 
Damage 

Figure 2. Damage  Mark Produced on Leading  Face of Specimen  of a Br i t t l e  
Material as a Result   of  Collision  with a Liquid Drop. V i e w  (a) 
is Reproduced  from Reference [ 121. 
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Number of o-Cells Cut 
Radius of Circular Crack, r/2  Actual Count nr/d 

dl  2 0 3.1 
d 6 6.3 

2d 12 12.6 
3d 18 18.8 

Figure 3. Estimate of Number of a-Cells Cut by the Circular  Fracture  Pattern.  
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diameter ,   d .  It c a n   b e   s e e n   t h a t   t h e   e x t e n t   o f   a g r e e m e n t   t h a t   e x i s t s  is 

a d e q u a t e   t o   j u s t i f y   t h e   r e l a t i o n  

as an estimate o f   t h e  number o f  cells t h a t   d e v e l o p   c r a c k s  when a s i n g l e  

drop   impact   occurs .  

I n   t h e   c e l l u l a r   t r e a t m e n t   o f   e r o s i o n  rate t h a t   f o l l o w s ,  an eroded  

f r a g m e n t &   i d e n t i f i e d   w i t h  a s i n g l e   a - c e l l   a n d   t h e   d i a m e t e r ,  d, of a 

a - c e l l  is t a k e n   t o   b e   t h e  same as t h e   d i s t a n c e   a c r o s s  an eroded   f ragment .  
""""" 

2. Cracks   P roduced   i n  a T y p i c a l  Cell 

I n   t h e   s p e c i a l  case i l l u s t r a t e d   i n   F i g u r e  4 ,  t h e   c e n t e r   o f   i m p a c t  

o c c u r r e d  a t  t h e   c e n t e r   o f   a - c e l l  W*. T h i s  is  a l s o   t h e   c e n t e r   o f   t h e  

c i r c l e   o f   f r a c t u r e   w h i c h   c o n t a i n s  V" a-cells. L e t  u - c e l l  W" b e   r e g a r d e d  

as a t y p i c a l  cel l .  I f   t h e   c e n t e r s   o f   t h r e e   d r o p s   t h a t   i m p i n g e   a g a i n s t  

t h e  c i rc le  o f   f r a c t u r e  shown i n   F i g u r e  4 f a l l   i n   t h r e e  of t h e   u - c e l l s  A" 

th rough V , t h e   t h r e e   c i r c l e s   o f   c r a c k s   f o r m e d  as a consequence   of   these  

impacts  w i l l  c u t   t h e   t y p i c a l  c e l l  W". I n   F i g u r e  4 t h e   a - c e l l s   s t r u c k  

have   been   t aken   t o   be  A*, I*, and P"; t h e   c e n t e r   o f   i m p a c t   i n   e a c h   o f  

t h e s e  a-cells is i n d i c a t e d   w i t h  a s o l i d   c i r c l e .  Each  of  the circles of 

f r a c t u r e   g e n e r a t e d  by t h e s e   i m p a c t s  w i l l  a l s o   c u t   t h r o u g h  a t o t a l  of  

V* a-cells; f o r   e a c h   o f   t h e s e   t h r e e   i m p a c t s ,   t h e   t y p i c a l   c e l l  W" w i l l  

be   on ly   one  of t h e  V" a - c e l l s   c u t .  

* 

The p r o b a b i l i t y   o f   h i t s   i n   t h e   t y p i c a l   c e l l  W" is s t a t i s t i c a l l y   t h e  

same as t h e   p r o b a b i l i t y  of h i t s   i n  a n y   o f   t h e   o - c e l l s   i n   t h e   a r r a y   i n -  

c l u d i n g   a - c e l l  W* and   a - ce l l s  A" th rough V . P h y s i c a l l y ,   t h e   p r o b a b i l i t y  

of h i t s   i n   a - c e l l s  A th rough V" d e t e r m i n e s   t h e   p r o b a b i l i t y  of c r a c k s   i n  

a-cell W* w h e r e a s   t h e   p r o b a b i l i t y  of h i t s   i n   a - c e l l  W" d e t e r m i n e s   t h e  

p r o b a b i l i t y   o f   c o m p r e s s i o n   i n   t h i s   c e l l .   B e c a u s e   t h e s e   p r o b a b i l i t i e s  

are i d e n t i c a l ,   t h e   p r o b a b i l i t y   o f   h i t s   i n   a - c e l l  W* d e t e r m i n e s   n o t   o n l y  

t h e   p r o b a b i l i t y   o f   c o m p r e s s i o n   i n   a - c e l l  W* b u t   a l s o   t h e   p r o b a b i l i t y   o f  

c r a c k   f o r m a t i o n   i n  a-cell W . I n   s h o r t ,   t h e   p r o b a b i l i t y   o f   c r a c k   f o r -  

m a t i o n   i n  a-cell W is a f u n c t i o n   o f   h i t s   i n   a - c e l l  W" b u t   t h e   c r a c k s  

t h a t   f o r m   i n   a - c e l l  W* are n o t   c a u s e d   b y   h i t s   t h a t   o c c u r   i n   a - c e l l  W . 

* 
* 

* 
* 

* 
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3. Fragments  Ejected  from a Typica l  Cell S i t e  

Reasoning  based  on  the  preceding  considerat ions  leads  to   the number 

of  cracks  produced i n  a t y p i c a l  c e l l  s i t e  when each of  t h e   o - c e l l s   i n   a n  

a r r a y  of such cells has   r ece ived   one   o r   any   o the r   a rb i t r a ry  number of  

impacts. L e t  t h e   c o n d i t i o n   o n   t h e   r a i n   o f   d r o p s   b e   t h a t  i t  i s  a random 

r a i n   i n  which   the   p robabi l i ty   o f   impacts  i s  uniform.  For  the  purpose  of 

the  argument  developed i n   t h i s   s e c t i o n   o n l y ,  l e t  t h e   f u r t h e r   r e s t r i c t i o n  

b e  imposed t h a t   t h e   d i s t r i b u t i o n   o f   i m p a c t s  is u n i f o r m   n o t   i n   t h e   u s u a l  

s ense   t ha t   each  ce l l  has   an   equa l   p robab i l i t y   o f   be ing   h i t   bu t   t ha t   each  

ce l l  is a c t u a l l y   h i t   t h e  same number of  times. 

The  number o f   o - c e l l s   i n   t h e  c i rc le  o f   f r a c t u r e  is q'. I f  each 

drop  impact  produces q'  cracks,   and i f   t h e   s p e c i f i e d   t y p e   o f   r a i n  pro- 

g re s ses   un t i l   one   impac t   has   occu r red   i n   each   o f   t he  n cel ls  i n   t h e  

impingement a r e a  A, t h e n   t h e   t o t a l  number of   c racks  formed is qq' and 

t h e  number of  cracks  formed  per  o-cell  is 0'. S i m i l a r l y ,   i f   t h e   r a i n  

p r o g r e s s e s   u n t i l  two impacts   have  occurred  in   each  of   the rl c e l l s ,   t h e n  

a t o t a l  of 2qq' c racks ,   o r  2q' cracks   per  ce l l ,  have  been  formed. And 

i f   t h e   r a i n   p r o g r e s s e s   u n t i l   t h r e e   i m p a c t s   h a v e   o c c u r r e d   i n   e a c h   o f   t h e  

11 cells,  then a t o t a l   o f  3qq' c r a c k s ,   o r  3q' c racks   pe r   ce l l ,   have   been  

formed. 

The  number of  cracks  formed i s  a n   i n t e g r a l   m u l t i p l e   o f   t h e   p r o d u c t  

n n ' .  A r igorous  proof   of   this   s ta tement   has   not   yet   been  developed  but  

t he   fo l lowing   i n tu i t i ve   a rgumen t   i nd ica t e s   t ha t  i t  is correct.   Because 

i t  is imposs ib l e   t o   de l ive r  a f r ac t iona l   pa r t   o f   an   impac t   i n   each   o f  

t he  q cells,  the   on ly  way t h a t  a f r a c t i o n a l   p a r t   o f  q '  cracks  could  be 

formed  per c e l l  is  t h a t  some cells would r ece ive  more impacts   than  others .  

This  would  require a nonuniform  distribution  of  impacts  which  would 

v i o l a t e   t h e   r e s t r i c t i v e   c o n d i t i o n   t h a t   t h e  random r a i n   h a s  a uniform 

d i s t r i b u t i o n  of impacts. 

L e t  i t  b e   r e q u i r e d   p r o v i s i o n a l l y   t h a t  No cracks  must  form i n  a "- 
""- cs-cell before  an  eroded  fragment w i l l  be   e jected  and l e t  the   r a in   p ro -  

g re s s   un t i l   e ach   o f   t he  cel ls  i n   t h e  impingement a r e a  A has   received 

No impacts. L e t  one  of  the q cells b e   s e l e c t e d  as a t y p i c a l  cel l .  This 

ce l l  is  surrounded  by n '  cells  i n   t h e  c i rc le  of   c racking .   I f   each  ce l l  

i n   t h e   a r r a y   h a s   r e c e i v e d  No impacts ,   then  each  of   the q'  cells i n   t h e  
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circle of   cracking  around  the  typical  cel l  has   rece ived  No impacts  and 

each  of  these  impacts  has  produced  one  crack i n   t h e   t y p i c a l  cell.  I f  

a l l  o f   t he  cells i n   t h e   a r r a y   h a v e   r e c e i v e d  No impacts ,   the   typ ica l  ce l l  

has   rece ived  No impacts  and, i n   a d d i t i o n ,   t h e   t y p i c a l  c e l l  has   rece ived  

No q' cracks.  Because i t  w a s  spec i f i ed   p rov i s iona l ly   t ha t   t he   fo rma t ion  

of No c r a c k s   i n  a cel l  r e s u l t s   i n   t h e   e j e c t i o n   o f  a fragment,   the s i te  

o f   t h e   t y p i c a l  cell  must eject tl' fragments.   Because  there  are q cells 

i n   t h e  impingement area A, t h e   t o t a l  number of  fragments  ejected  from 

- a l l  of   the ce l l  sites w i l l  be  nq'. 

Because  of  the  geometry  of  liquid-drop-impact  fracture, i t  is n o t  

poss ib l e   fo r   each  ce l l  i n   a n   a r r a y   o f  cells t o   l o s e   o n e  and  only  one 

fragment. It is p o s s i b l e   f o r   e a c h  ce l l  t o   l o s e  q' o r  some i n t e g r a l  

mul t ip le   o f  r(' fragments.   Although  the  argument  that   excludes a l l  b u t  

i n t eg ra l   mu l t ip l e s   o f   t he   p roduc t  qn' is  so  f a r   suppor t ed   on ly  by an 

i n t u i t i v e   p r o o f ,  i t  i s  confirmed 2 p o s t e r i o r i  by experimental   evidence 

(See  Section  111.1).  Because  of  the  geometry  of  liquid-drop-impact 

f r a c t u r e ,  i t  is n o t   p o s s i b l e   t o  remove one  f rament   f rom  each  of   the 

o-cel ls   in   an  array  of   o-cel ls   wi thout   s imultaneously  removing a layer 
"" 

- of  material from t h e  tes t  specimen;   the  layer  removed cons is t s   o f  qq' 

fragments . 
C. Angle  of  Attack 

For  impacts  that   occur a t   a n g l e s   s m a l l e r   t h a n  90 degrees ,   the  amount 

of   energy  that  is  de l ive red   t o   t he   ma te r i a l   o f   t he  test specimen  by  each 

drop  blow is reduced.   Erosion  invest igators   have  compensated  for   this  

e f f e c t  by consider ing  only  the  normal  component of   the  impact   veloci ty .  

The normal  component  of  the  impact  velocity, V is  V s i n  0 ,  where 0 is  

the  angle   of   a t tack  measured  f rom  the  surface  of   the test specimen. 

I n  terms of  the  normal component  of the  impact   veloci ty ,   the   energy 

de l ive red  by impinging  drops is 1 M (V s i n  where M is t h e  mass 
2 

of  a drop. I f  impingement  occurs a t  no rma l   i nc idence   aga ins t   t he   o r ig ina l  

sur face   o f   the  test specimen,  the  energy  delivered  per  impact is 1 MV 
because   t he   s ine   o f  90 degrees  i s  uni ty .  L e t  us   ident i fy   th i s   energy  

per   impact   wi th   the   format ion   of   c racks   o f  a g i v e n   l e n g t h   i n  a p a r t i c u l a r  

s o l i d .  

2 

2 
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A f t e r   t h e  first l a y e r   o f  rm' fragments   has   been removed  from t h e  

o r i g i n a l ,   p o l i s h e d   s u r f a c e   o f  a test specimen, a rough  surface  of  under- 

l a y e r  material is  exposed;   the  drops now impinge   aga ins t   th i s   rough 

sur face .   Wi thout   the   gu idance   o f   spec i f ic   in format ion ,  l e t  i t  b e  assumed 

t h a t  on the   average   the   angle   o f   a t tack   has   been   reduced   to  45 degrees.  

Then the  energy  delivered  per  impact w i l l  be   ha ived   because   t he   s ine   o f  

45 degrees  is  12. If the  energy  del ivered  per   impact  i s  halved,  

and i f   t h e   f r a c t i o n a l   p a r t   o f   t h e   i m p a c t   e n e r g y   i n v e s t e d   i n   c r a c k   f o r -  

mation  remains  the same, t h e   s u r f a c e  area of   the   c racks   tha t   form  must  

a l so   be   ha lved .  

T h i s  sugges t s   t ha t  twice as many crack-producing  impacts may b e  

requi red   to   c i rcumscr ibe  a fragment when t h e   a n g l e   o f   a t t a c k  is 45 degrees  

than were requi red  when t h e   a n g l e   o f   a t t a c k  was 90 degrees .   In   Sec t ion  

11.3, t h e  number of   impacts   required  to   c i rcumscribe a fragment  with 

impingement  occurring a t  normal  incidence was p rov i s iona l ly   t aken   t o   be  

No. I f   t h e  number of impacts  requi red   to   c i rcumscr ibe  a fragment when 

t h e   a n g l e   o f   a t t a c k  i s  45 degrees  is  N1, then,   on  the basis of  the  pre- 

ceding  reasoning,  N1 2 2N0. 

Af te r   the   loss   o f   the   second  layer   o f   f ragments  is  an  accomplished 

f ac t ,   t he   ang le   t ha t   t he   exposed   unde r l aye r   ma te r i a l   p re sen t s   t o   t he  

impinging  drops may o r  may not   change  again  for  a given material. I f  

angle   o f   a t tack  is  t h e   o n l y   f a c t o r   a f f e c t i n g   t h e  number of  crack-producing 

impacts   requi red   to   c i rcumscr ibe  a fragment a t  t h i s   s t a g e   o f   t h e   e r o s i o n  

process ,   recourse  to   experimental   data   (See  Sect ion  111)   suggests   that  

t he   ang le  of a t tack  must   be  reduced  to   about  30 degrees.  A t  t h i s   a n g l e  

of a t tack ,   the   energy   de l ivered   per   impact  w i l l  only b e  one  fourth as 

much a s  i t  was  when the  drops  impinged a t  normal   incidence  because  the 

s i n e  of 30 degrees  is  112. The s u r f a c e  area of  the  cracks  produced a t  

t h i s   a n g l e   o f   a t t a c k  w i l l  only  be  one  fourth as l a r g e  as i t  was when 

impingement  occurred a t  normal  incidence  and, i f   t h e   f r a c t i o n a l  p a r t  of 

the  impact   energy  invested  in   crack  formation  remains  the same, fou r  

t imes as many impacts   should  be  required  to   Circumscribe  the  f ragments   of  

t h e   t h i r d   l a y e r   o f   m a t e r i a l   t o   b e  removed  from t h e  test specimen  as were 

r e q u i r e d   i n   t h e   c a s e   o f   t h e   f i r s t   l a y e r .   I f   t h e  number of 

qu i red   to   c i rcumscr ibe  a fragment when t h e   a n g l e   o f   a t t a c k  

i s  N2, then ,   on   the   bas i s   o f   the   p receding   reasoning ,  N2 = 2r 
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The  number of   impacts   required  to   c i rcumscribe a f ragment   a f te r  a 

given number  of impacts   has   a l ready  been  sustained may be   represented  by 

the  sequence 

Ni= No, N1, N2 . .. 
which is h e r e a f t e r   r e f e r r e d   t o   a s   t h e   c o u n t i n g   r u l e .  The eva lua t ions  of 

No, N1, and N2 t h a t  were made in   t he   p reced ing   pa rag raphs  are based on 

the   p remise   tha t   angle   o f   a t tack   governs   the   magni tude  of success ive  

count ing-rule   numbers   and  that   angle   of   a t tack is progressively  reduced.  

However, ang le   o f   a t t ack  is only  one  of a number of   var iables   which 

determine  the  magnitudes  of  the  counting-rule  numbers.  

D. Work-Hardening  of Metals 

Only a b r i t t l e  metal, whose f r a c t u r e   s t r e n g t h  is exceeded when i t  

sus ta ins   an   impact  a t  a n   a r b i t r a r y   v e l o c i t y  w i l l  develop a c rack   a s   t he  

r e s u l t  of th i s   impact .  Most meta ls  are ductile  and  must  be  work-hardened 

to   the   po in t   o f   embr i t t l ement   before  a crack w i l l  form. A q u e s t i o n   t h a t  

needs  to  be  answered is: How many superposed  l iquid  drop  impacts are 

r e q u i r e d   t o  work-harden a given metal to   t he   po in t   o f   embr i t t l emen t?  

The sma l l e s t   poss ib l e  number would b e   j u s t  one  and,  although i t  is n o t  

conclus ive ,   the   fo l lowing   empir ica l   ev idence   sugges ts   tha t   one   impact  a t  

a h i g h   v e l o c i t y  may be   adequa te   fo r  some metals. 

Knoop microhardness numbers taken   th rough  the   th ickness   o f   an   a lc lad  

aluminum al loy  specimen  subjected  to   waterdrop  impacts  a t  the  Cornel1 

Aeronaut ical   Laboratory,   Buffalo,  New York, s h i f t e d  from a m a x i m u m  of 

74 a t  the   e roded   sur face   to   an   asymptot ic   va lue   o f  55, which was t h e  

character is t ic   hardness   of   the   metal .   (13)   Although  the test v e l o c i t y  

w a s  n o t   s p e c i f i e d ,  i t  w a s  v e r y   l i k e l y  805  km/hr  (500  mi/hr)  because t h i s  

v e l o c i t y  was commonly used i n  performing tests wi th   use  of t he   ro to r   and  

a r t i f i c i a l   r a i n   f a c i l i t y  a t  t h i s   l a b o r a t o r y  a t  t h e  t i m e  t h a t   t h e   s p e c i -  

men was t e s t e d .  

The r a t i o   o f  m a x i m u m  hardness   produced  by  the  ra in   impacts   to  

asymptot ic   hardness   of   the  metal is 74/55 o r  1.34. Two conclusions  can 

be  drawn  from th i s   i n fo rma t ion :   f i r s t ,   mu l t ip l e   wa te rd rop   impac t s  a t  

t h e   s p e c i f i e d   v e l o c i t y  were able   to   p roduce  a 34 p e r c e n t   i n c r e a s e   i n   t h e  

hardness  of  the  specimen,  and,  secondly,   because  the  specimen w a s  s eve re ly  
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eroded, a 34 p e r c e n t   i n c r e a s e   i n   h a r d n e s s  can be   a s soc ia t ed   w i th  a 

s u f f i c i e n t   e m b r i t t l e m e n t   o f   t h e   a l c l a d  aluminum al loy  specimen material 

to   pe rmi t   c r ack   fo rma t ion   i n  it. 

Knoop microhardness  numbers were a l so   t aken   a round a s i n g l e  crater 

produced i n  1100-0 aluminum  by the  impact  of a steel  sphere  a t  a v e l o c i t y  

of 626 km/hr  (389 mi/hr) .  (14) The a v e r a g e   r a t i o   o f  m a x i m u m  hardness   to  

asymptotic  hardness  for  measurements  taken  below  the crater and  from  the 

edge  of  the crater n e a r   t h e   s u r f a c e  w a s  found t o   b e  1.54.  This means 

t h a t  a 54   pe rcen t   i nc rease   i n   ha rdness  was produced  by a s i n g l e  steel- 

sphere  impact.  This is i n   e x c e s s   o f   t h e  34 pe rcen t   i nc rease   i n   ha rdness  

r e q u i r e d   f o r   s u f f i c i e n t   e m b r i t t l e m e n t   o f   t h e  metal to  permit  drop-impact 

e ros ion   of   an   a lc lad  aluminum a l loy   spec imen  to   p rogress .  

Craters produced i n  1100-0  aluminum  by s ingle   waterdrop   impacts  a t  

ve loc i t i e s   above   1000   f t / s ec  were a l so   s tud ied (15)   bu t ,   r eg re t t ab ly ,  

Knoop microhardness numbers i n   t h e  metal a round   t hese   c r a t e r s  were n o t  

taken  and  the  tes ted  specimens  are   no  longer   avai lable .   Consequent ly ,  

i t  is  n o t  known i f  a s i n g l e   w a t e r d r o p   i m p a c t   a t   t h e s e   h i g h   v e l o c i t i e s  

is able  to  produce  work-hardening  to  the  point  of  embrit t lement  of metals 

such as 1100-0  aluminum. 

On the   bas i s   o f   t he   p reced ing   ev idence ,  i t  can  be assumed t h a t ,   f o r  

the   h igh   ve loc i t ies   be ing   used   in   appl ica t ions   where   d rop- impact   e ros ion  

occurs ,  i t  is  possible   that   one  waterdrop  impact  may work-harden a meta l  

which  has   propert ies   comparable   to   those  of  1100-0  aluminum t o  a suf- 

f i c i e n t   d e g r e e   t h a t  a crack  can  form i n  i t  when a second  impact  occurs 

a t  t h e  same po in t .   I f   t h i s   a s sumpt ion  is made, t h e n ,   f o r   t e t r a h e d r a l  

f ragments ,   the  minimum v a l u e   t h a t  No, t h e   f i r s t  number of   the  count ing 

rule ,   can  have is  f o u r ;   t h i s  is one  more  than  the minimum number of 

th ree   c racks   requi red   to   c i rcumscr ibe  a te t rahedra l   f ragment .  The 

numbers  of t he   coun t ing   ru l e ,  Ni, mus t   i nc lude   bo th   t he   impac t s   t ha t  

are requi red   for   embr i t t l ement   o f   the  metal of   the test  specimen  and 

the  crack-forming  impacts   required  to   c i rcumscribe a p i ece   o f   t he   so l id  

and release i t  as an  eroded  fragment. 

E. Equat ion  for   Rate   of  Volume Loss 

Rate of  volume loss, R,  e x p r e s s e d   i n  volume lo s s  per  impact is  

R = (volume  of   mater ia l   los t ) / (number  of   impacts   sustained) .  
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I f   t h e  volumes  of  eroded  fragments are a l l  e q u a l ,   t h a t  is ,  i f   t h e   a v e r a g e  

volume  of  an  eroded  fragment is used, 

R =  (number of . . . . .  f ragments   e jec ted) (average  volume per fragment) 
(number of   impacts   sustained)  

The quot ien t   o f  number  of f ragments   e jec ted   d iv ided   by   the  number of 

impacts   sus ta ined  is  t h e  rate of   f ragment   e ject ion,  J. Des igna t ing   the  

average volume  of t he   t yp ica l   e j ec t ed   f r agmen t   w i th   t he  symbol v, t h e  

rate of  volume loss ,  R, is given  by  the  product  

R =  J v .  (4) 

To eva lua te  R, it is  necessa ry   t o   ob ta in   expres s ions  for J and v. 

1. Rate of  Fragment  Ejection, J 

E j e c t i o n   r a t e ,  J ,  is determined  both  by a s t a t i s t i ca l  func t ion ,  

P(x,n)  and by a coun t ing   ru l e ,  N The s ta t i s t ica l  func t ion   g ives  
i '  

t h e   p r o b a b i l i t y   t h a t  some number of  impacts,  x, w i l l  occur  on  the c e l l  

area, (5, when  n impacts  have  occurred  on  the  impingement  area A. The 

count ing   ru le ,  N d i c t a t e s   t h e  number of   impacts   requi red   to   e jec t  a 

fragment  from  the c e l l  area, u,  a f t e r  some  number of   f ragments   ( including 

zero)   have   a l ready   been   e jec ted   f rom  th i s   par t icu lar  area. 

i s  

a. Function  P(x,n) 

The func t ion   P(x ,n)  i s  uniquely   g iven   by   b inomia l   p robabi l i t i es  

i f   t h e   r a i n  of  drops is  random. I f   e v e n t s  are s t r i c t l y   i n d e p e n d e n t   i n  

t he   s ense   t ha t   t he   p robab i l i t y   o f   occu r rence   o f   one   even t   does   no t   a f f ec t  

the  probabi l i ty   of   occurrence  of  a succeeding   event ,   the i r   occur rence  is 

descr ibed  by t h e  w e l l  known b i n o m i a l   d i s t r i b u t i o n   f u n c t i o n .  The impacts 

of   the  drops  of  a  random r a i n  are i n d e p e n d e n t   i n   t h i s   s e n s e ;   t h e   f a c t  

t h a t  a given s i te  has   been   h i t   by   one   d rop   does   no t   a f fec t   the   p robabi l i ty  

t h a t  i t  w i l l  o r  w i l l  n o t   b e   h i t  by a succeeding  drop.  Consequently,   the 

impacts  of a t r u l y  random r a i n   a g a i n s t   t h e   i n d i v i d u a l  cells i n   a n   a r r a y  

of cells can   be   exac t ly   descr ibed   by   b inomia l   p robabi l i t i es .  

The b inomia l   p robab i l i t y ,   P (x ,n ) ,   f o r  x impacts on a ce l l  area, 

u ,  when  n impacts  have  occurred  on  impingement area A is given  by 
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where p i s  t h e   p r o b a b i l i t y   o f  a h i t  on ce l l  area, U. I f   t h e  random r a i n  

of  drops i s  uni form,   the   p robabi l i ty ,  p ,  of a h i t   a g a i n s t  any  one  *of  the 

cells  having area u is  given  by 

p = a/A . 
b. Counting  Rule 

The magnitude  of  the  counting-rule numbers i s  determined  by a 

number of   var iab les .   For  a b r i t t l e  material, t he   coun t ing   ru l e  i s  primar- 

i l y  a func t ion   o f   r e l a t ive   impac t   ve loc i ty ,  V ,  drop mass, M,  angle   of  

a t t a c k ,  9, and  the   energy   per   un i t  volume t h a t   t h e   s o l i d  i s  a b l e   t o  

accept   wi thout   f rac ture   th rough  the   condi t ion   tha t   the   energy   de l ivered  

by a s ing le   d rop  impact ,  which i s  given by - M (V s i n  must  exceed 

the   energy   per   un i t  volume t h a t   t h e   s o l i d   c a n   a c c e p t   b e f o r e   f r a c t u r e  w i l l  

r e su l t .   C lea r ly ,   fo r   impac t s   aga ins t  a g i v e n   b r i t t l e   s o l i d ,   t h e  magni- 

tude  of   the  count ing-rule  numbers w i l l  be  reduced as impact   ve loc i ty ,  

drop mass, and ang le   o f   a t t ack  are increased.  For a given  impact   veloci ty ,  

drop mass, and  angle   of   a t tack,   the   magni tude  of   the  count ing-rule  numbers 

w i l l  be   increased  as b r i t t l e   m a t e r i a l s   o f   p r o g r e s s i v e l y   h i g h e r   s t r e n g t h  

are considered. 

1 
2 

A d u c t i l e  metal must  be  work-hardened to   t he   po in t   o f   embr i t t l e -  

ment before   c racks  w i l l  form i n  it. The counting-rule numbers f o r  a 

d u c t i l e  metal inc lude   bo th   the  impacts  r equ i r ed  t o  e m b r i t t l e  i t  and  the 

impacts   tha t  are requi red   to   c i rcumscr ibe  a fragment   with  cracks.  The 

magnitude  of  the  counting-rule numbers w i l l  b e   l a r g e r  as the  number of 

impacts required  to   work-harden  the metal under test  i s  increased   bu t  

t h i s   r e q u i r e d  number w i l l  depend  upon the   impact   ve loc i ty ,   d rop  mass, 

and  angle   of   a t tack.  

The magnitude  of  the  counting-rule  numbers is a l s o   a f f e c t e d  by 

condi t ions   tha t   deve lop  as e ros ion   progresses .  The counting-rule numbers 

i n c r e a s e   i n   m a g n i t u d e   i f   d i s s i p a t i o n   o f  impact  energy  occurs as a r e s u l t  

of   drop  l iquid  that   remains  t rapped  in   the  surface  roughness .  The magni- 

tude  of   the  count ing-rule  numbers is decreased  by  the  presence  of re- 

s idual   crack  ends  and  subsurface damage i n   u n d e r l a y e r  material because 

the  presence o f  crack  ends and subsurface damage c o n s t i t u t e  a p a r t i a l  

loosening   of   sec t ions  of t he   so l id   wh ich  w i l l  eventua l ly   b reak  away as 

eroded  fragments. 

16 



I 

c. Function  F(x,n) 

The  number of   f ragments   e jected  f rom  the area A, F(x,n),  i s  

found  by summing the  probabi l i ty ,   P(x,n)   between  the limits imposed  by 

t h e   c o u n t i n g   r u l e ,   t h a t  is ,  

where  P(x,n) i s  given  by  Equation 5, and t h e   p r o b a b i l i t y   o f  a h i t ,   p ,  i s  

given  by  Equation 6. Fo r   t he   necess i ty   o f   t he   f ac to r  n n ' ,  see Sec t ion  

' I I . B . 3 .  

The func t ion   F (x ,n ) ,  when p l o t t e d   a g a i n s t  x o r   n ,  i s  a s t e p  

funct ion  because  of   the limits on t h e  sums which a r e  imposed  by t h e  

count ing   ru le .  L e t  u s   c o n s i d e r   t h e   f i r s t  term of   the  funct ion  F(x,n) .  

The summation  does  not s t a r t  wi th  x = 0,  bu t   wi th  x = No. No fragment 

c a n   b e   e j e c t e d   u n t i l   a t  least  No impac t s  have  been  received on t h e   a r e a ,  

u ,  of t h e   t y p i c a l  ce l l ;  these   impacts   a re   rece ived  a t  normal  incidence 

( o r  a t  some i n i t i a l l y   p r e s c r i b e d   a n g l e   o f   i n c i d e n c e ) .  

Af t e r   t hese  No impacts  have  been  received a t  normal  incidence,  

t he   e j ec t ion   o f   t he   f i r s t   l aye r   o f   f r agmen t s  becomes  an  accomplished  fact. 

This is s i g n i f i e d   i n   F i g u r e  5 by the   ab rup t  rise from  zero  fragments  to 

n n '  f ragments   a f te r  No impacts  have  been  received  on  the ce l l  area, u. 
This   abrupt  rise is t h e   f i r s t  riser o f   t h e   s t a i r c a s e   p l o t   o f   F i g u r e  5. 

A t  t h i s   p o i n t  a second  period  of  quiescence  occurs a t  impacts  from No 

t o  No + N1 - 1 are received  on  the ce l l  area, u .  This   per iod  of qui- 

e s c e n c e   c o n s t i t u t e s   t h e   f i r s t  tread i n   t h e  staircase p l o t   o f   F i g u r e  5. 

A f t e r   t h e  loss of rln' fragments is an  accomplished  fact ,   the  

exposed  underlayer  surface  of  the ce l l  area, u ,  is no   longer   p lanar ;   the  

impingement  angle is now reduced  below 90 d e g r e e s .   I f  i t  is  reduced  to 

an  average  value  of 45 degrees ,   the   energy  del ivered  per   impact  is  re- 

duced  by a f a c t o r   o f  two and ,   on   the   bas i s   o f   the   reasoning   presented  
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F igure  5. Schematic   Representat ion  of   the  Effect   of   the   Count ing  Rule  
on   t he   E jec t ion  of Fragments. 
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i n   S e c t i o n  II.C, N 1  2 2N0. During the  period  of  quiescence  represented 

by  the f irst  t r e a d   i n   t h e  staircase plot   of   Figure  5 ,   impacts  are being 

received a t  an  average  angle   of   a t tack  of  45 degrees. 

We are now ready  to  consider  the  second term of   the  funct ion 

F(x,n). After No impacts  have  been  received  on area u a t  an  angle   of  

90  degrees  and N1 impacts  have  been  received a t  the  average impingement 

angle  of 45 degrees ,   the   e ject ion  of   the  second  layer   of   f ragments  from 

t h e  area A becomes an  accomplished fact. This is indica ted  by the  second 

riser of  the staircase p lo t   o f   F igure  5. A t  t h i s   p o i n t  a th i rd   pe r iod  

of  quiescence sets i n  as the  impacts  from No + N1 t o  No + N 1  + N2 - 1 

are received  on  the c e l l  area, u.  This   per iod  of   quiescence  const i tutes  

the  second  t read  of   the staircase p lo t   o f   F igure  5. 

Afte r   t he   l o s s   o f   t he  second layer   of   f ragments  i s  an ac- 

complished fac t ,   empir ica l   ev idence  (See Sect ion 111) sugges t s   t ha t   t he  

angle   o f   a t tack  is reduced t o  a value  of  about 30 degrees  and  that   the 

counting-rule number N 2  is 4N0. During the  period  of  quiescence  repre- 

sented by the   second  t read   in   the   s ta i rcase   p lo t   o f   F igure   5 ,   impacts  

are being  received a t  an  angle  of at tack of  about 30 degrees   o r  with a 

reduced  energy  that  is equiva len t   to   an   e f fec t ive   angle   o f   a t tack  of 

30 degrees. 

We are now ready  to  consider  the  third  term  of  the  function 

F(x,n).  After No impacts  have  been  received on area  (3 a t  an  angle  of 

90 degrees, N 1  impacts  have  been  received a t  an  average  impingement  angle 

of 45 degrees,  and N 2  impacts  have  been  received a t  a n   e f f e c t i v e  impinge- 

ment angle  of 30 degrees ,   the   e ject ion  of   the  third  layer   of   f ragments  

from the  area A becomes an  accomplished  fact.  This is ind ica ted  by the  

t h i r d  riser i n   t h e  staircase p lo t   o f   F igure  5. A t  t h i s   p o i n t  a four th  

period  of  quiescence sets i n  as impacts  from No + N 1  + N 2  t o  No + N 1  + 
N 2  + N 3  - 1 are received on t h e  cel l  area, u. This  period  of  quiescence 

cons t i t u t e s   t he   t h i rd   t r ead   o f   t he  staircase p lo t   o f   F igure  5. 

Whether o r   no t   t he   s t eps   o f   t he  staircase p l o t  shown i n   F i g u r e  

5 w i l l  be  sharply  delineated is  determined  by  the  magnitude  of  the  proba- 

b i l i t y  of a h i t ,  p,  in  conjunction  with  the  magnitude  of  the  counting- 

r u l e  numbers, Ni. For a probabi l i ty ,   p ,   of  a g iven   s ize ,   there  is a 

threshold   s ize   range   for   the   count ing- ru le  numbers f o r  which t h e  proba- 

b i l i t y   d i s t r i b u t i o n  can  be  contained  on a s ingle   t read  of   the  count ing-rule  
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staircase. I f   t h e   s i z e   r a n g e   o f   t h e   c o u n t i n g - r u l e  numbers i s  e q u a l   t o  

o r   g r e a t e r   t h a n   t h i s   t h r e s h o l d   s i z e ,   t h e   c o u n t i n g - r u l e  s t e p s  w i l l  b e  

s h a r p l y   d e l i n e a t e d   i n   t h e   p l o t   o f   f r a g m e n t s   l o s t   a g a i n s t  number of  im- 

pac t s   sus t a ined .  

I f   t h e   s i z e   r a n g e   o f   t h e   c o u n t i n g - r u l e  numbers i s  smal le r   than  

t h e   t h r e s h o l d   s i z e ,   t h e   p r o b a b i l i t y   d i s t r i b u t i o n  w i l l  extend  over more 

than  one  tread of t he   coun t ing - ru l e   s t a i r case .   Fo r   t h i s   cond i t ion ,   t he  

count ing- ru le   s teps  w i l l  appear  only as o s c i l l a t i o n s   i n  a p l o t  of 

f r agmen t s   l o s t   ve r sus  number o f   impac t s   sus t a ined .   I f   t he   s i ze   r ange  

of   the  count ing-rule  numbers i s  s o  s m a l l   t h a t   t h e   p r o b a b i l i t y  d i s t r i -  

but ion  extends  over  many t r eads   o f   t he   coun t ing - ru l e   s t a i r case ,   t he   s t ep  

na tu re   o f   t he   coun t ing   ru l e  w i l l  n o t   b e   a p p a r e n t   a t  a l l  i n  a p l o t  of 

f r agmen t s   l o s t   aga ins t  number of  impacts  sustained. 

The magnitude  of  the number of   impacts   sus ta ined ,   n ,   a l so   has  

a n   e f f e c t  on the  sharpness   with  which  the  count ing-rule  staircase is re- 

f l e c t e d   i n   t h e   p l o t  of f r agmen t s   l o s t   aga ins t  number of  impacts   sustained.  

T h i s   f o l l o w s   b e c a u s e   t h e   p r o b a b i l i t y   d i s t r i b u t i o n   s p r e a d s  as t h e  number 

of  impacts,  n, is increased .   For   va lues   o f  n t h a t   a r e   l a r g e  enough t o  

permi t   the   spread-out   p robabi l i ty   d i s t r ibu t ion   to   occupy more than  one 

t r ead   o f   t he   coun t ing - ru l e   s t a i r case ,   t he   s t eps   o f   t he   coun t ing - ru l e  

staircase w i l l  appear  only as o s c i l l a t i o n s   i n  a p l o t   o f   f r a g m e n t s   l o s t  

a g a i n s t  number  of impac t s   sus t a ined ;   fo r  s t i l l  l a rge r   va lues   o f   n ,   t he  

s t eps   o f   t he   coun t ing - ru l e   s t a i r case  w i l l  n o t   a p p e a r   a t  a l l  i n  such a 

p l o t .  On t h e   b a s i s   o f   t h e s e   c o n s i d e r a t i o n s ,  a p l o t  o f   f ragments   los t  

a g a i n s t  number  of impacts   sus ta ined  may e x h i b i t  a s t e p   s t r u c t u r e   f o r  

small values  of n a n d   b e   w i t h o u t   t h i s   s t r u c t u r e   f o r   l a r g e   v a l u e s  of  n. 

d. E jec t ion   Rate ,  Volume Rate, Accumulated Volume Loss 

The ave rage   r a t e   o f   f r agmen t   e j ec t ion   ove r   an   i n t e rva l  from 

nl t o  n2 impacts   aga ins t  area A i s  given  by 

J = (F2 - F1) / (n2 - nl) . 
To make t h e   e j e c t i o n  rate, J, a s   l n s t an taneous   a s   poss ib l e ,   t he   quan t i tv  

(n2 - nl )   should   be  made as small a s   f e a s i b l e .  From Equation 4 ,  t he  

average rate of  volume loss ,  R ,  f o r   each   i n t e rva l   o f  n is Jv where v i s  
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t h e  volume of  the  average  ejected  fragment (See Sect ion I I . E . 2 )  and J is 

the  average rate of fragment  ejection. 

The accumulated  volume l o s s  can  be  calculated from t h e  rate of  

volume l o s s .  The increment  of volume l o s s ,  Q,  f o r   each   i n t e rva l   o f  n 

i s  the  product   of   the  rate of  volume l o s s  mul t ip l ied  by the   d i f fe rence  

i n   n ,   t h a t  is, 

Q = R A n  . ( 9 )  

The accumulated volume l o s s ,  L, up t o  any value  of n i s  t h e  sum of  the 

values  of Q up to   t he   spec i f i ed   va lue   o f   n ,   t ha t  is, 

n 

L =  Qi . 
i = l  

To c a l c u l a t e   t h e  rate of volume loss and the  accumulated volume 

l o s s ,  i t  i s  necessary  to   have  an  expression  for  v, the volume of an 

e j ec ted  fragment . 
2. Volume of  an  Ejected  Fragment 

Rad ia l   t ens i l e  stresses produced  by  the  localized  impact  pressure 

and rad ia l   f low  of   d rop   l iqu id  are the  means by  which  an  impinging  drop 

damages a s o l i d .  (12y16) It is  reasonable   to   expec t   tha t   the  rate a t  

which  drop-impact  erosion  progresses is  a funct ion of  the   var iab les  which 

determine  the  magnitudes  of  these  quantit ies.  The va r i ab le s   i n   ques t ion  

are the   r e l a t ive   impac t   ve loc i ty  and t h e   s i z e  and mass of t he   d rops   t ha t  

impinge. The e f f ec t   o f   t hese   va r i ab le s  on t h e   e j e c t i o n  rate,  J, w a s  

discussed  in   the  preceding  sect ion.   Because relative impact   veloci ty  

and  drop mass control  the  energy  delivered  per  impact,  and  because  the 

energy  del ivered  per   impact   governs  the  s ize   of   the   surface area of t h e  

c racks   tha t  form, t he   r e l a t ive   impac t   ve loc i ty  and  drop mass must a l s o  

determine  the volume, v, of an  eroded  fragment. 

a. Nature of the  Typical  Cell 

The i n i t i a l  form  of  the  cellular  model(8) w a s  d i r e c t e d   t o  a 

homogeneous material t h a t  had  uniform  bond  strength. Such a material i s  

i d e a l ;  i t  has   no   p refer red   d i rec t ions   for   c rack   propagat ion  and  no poin ts  
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of   spec ia l  weakness. The c loses t   app roach   t o   an   i dea l  material o f   t h i s  

kind is a s ing le   c rys t a l   o f   h igh   qua l i t y .  However, even   s ing le   c rys t a l s  

contain  defects .  The majori ty   of  crystals are b u i l t  up of  micromosaic 

u n i t s   t h a t  are t o  10-5 cm in   l i nea r   d imens ions .  (17y18) These u n i t s  

are mutual ly   disor iented by angles   of   the   order   of   seconds  or   minutes   of  

arc. (17) 

The boundar i e s   s epa ra t ing   t he   s l i gh t ly   d i so r i en ted   c rys t a l l i ne  

blocks  have  been  considered  to  be  the more s t a b l e  ensembles i n t o  which 

dislocations  have  grouped  themselves as t h e   r e s u l t  of  thermal  treatment 

of a deformed c r y s t a l .  (19)  Bragg (’O) and  Burgers  (”) were t h e   f i r s t   t o  

suggest   that   the   mosaic   blocks are u n i t s  whose  bounding sur faces  are 

d i s l o c a t i o n  w a l l s .  X-ray and op t i ca l   i nves t iga t ions   have   r evea led   t ha t ,  

i n   add i t ion   t o   t he   ve ry  small micromosaic   un i t s ,   s ing le   c rys ta l s   a l so  

con ta in   l a rge r  macromosaic u n i t s  which d i f f e r   s l i g h t l y   i n   o r i e n t a t i o n  

and  have  dimensions  of  the  order  of  0.1  to 1 mm and l a r g e r .  

The material i n   d i s l o c a t i o n  walls around  mosaic  units may be 

a s soc ia t ed   w i th   t he   c r ack   i n i t i a t ion  and crack   propagat ion   tha t   a re  

though t   t o   r e su l t   i n  drop-impact  erosion. I n   a d d i t i o n ,   t h e  material i n  

such walls is  c l e a r l y   i n  a higher  energy s ta te  than material wi th in   the  

mosaic  units  themselves  and,  therefore, i s  more soluble.  Chemical 

a t tack  has   never   been  e l iminated as a drop-impact-erosion  mechanism; 

under  impact  conditions,  even water i s  a cor ros ive   l iqu id   (See  Appendix A ) .  

In   t he   l i gh t   o f   t hese   cons ide ra t ions ,  i t  seems reasonable   to   suppose   tha t  

t he   t yp ica l  c e l l ,  which  becomes  an  eroded  fragment,  could  be  identified 

wi th   the   mosa ic   un i t s   o f   c rys ta l l ine  materials e i t h e r  on the   bas i s   o f  a 

crack-formation mechanism of   erosion,  a chemical   a t tack mechanism of  

e ros ion ,   o r  a combination  of  these mechanisms. 

b.  Sizes  of  Typical  Eroded  Fragments 

The question  of  the  size  of  cavitation-eroded  fragments  has 

been  explored by Brandenberger  and  DeHaller(22), Hoff  and  Langbein (23) , 
r n \  

and Gould‘y’. In   gene ra l ,  i t  w a s  found t h a t  most  of  the  eroded  fragments 

have a s i ze   ve ry   c lose   t o   t ha t   o f  a micromosaic  unit ,   that  is, cm, 

but  fragments up t o  500 times t h i s   s i z e  were reported.  

If  an  eroded  fragment is  i d e n t i f i e d   w i t h  a a-cel l ,   th is   evidence 

sugges ts   tha t  i t  may be  possible   to   associate   the  micromosaic   uni t   wi th  

22 



t h e   t y p i c a l  cei l  of smallest poss ib le  s ize .  That is, the  micromosaic 

u n i t   s i z e  may const i tute   the  lower limit of   the   poss ib le   s ize   range   for  

o-cel ls  . 
It is noteworthy  that  cavitation-eroded  fragments would be 

expected  to  be  smaller  than  drop-impact-eroded  fragments  because  the 

diameter  of  the j e t  formed during  the  col lapse  of  a cavi ta t ion  bubble  

is small i n  comparison  with  the  drop  diameters  encountered  in  most drop- 

impact-erosion  applications. Also, i n   t h i s   connec t ion ,  i t  w a s  observed 

by DeHaller ( 2 4 )  t ha t   cav i t a t ion   e ros ion   has  a f ine r   t ex tu re   t han  drop- 

impact  erosion. 

Tenta t ive ly ,  i t  might  be  expected  that a natural   upper  l i m i t  

of   ejected  fragment  size may be   the   g ra in   s ize   o f  a meta l   tha t  i s  under 

test because A.S.T.M. g r a i n   s i z e s  from 7 t o  0 a re ,   r e spec t ive ly ,  30 t o  

360 times the  1-micron  micromosaic un i t   s i ze .  However, under c e r t a i n  

circumstances, some eroded  fragments may cons i s t  of c lus te rs   o f   g ra ins  

and grain  fragments. 

I f  eroded  fragments  produced i n  room-temperature tests a r e  

found  to   be  in   the  s ize   range  of   the  grains  of t he  test  meta l ,   th i s  may 

provide  evidence  that   chemical  at tack is playing a r o l e   i n   t h e  mechanism 

of  failure.  Grain  boundaries  vary  in  composition  from  the  material  with- 

i n   t h e   g r a i n s  and are a t t acked   i n  a corrosive  environment.  Water,  under 

impact  conditions,  can become a corrosive  l iquid  (See Appendix A). 

Gould(’) has   s t a t ed   t ha t   t he  number of la rge   e roded   par t ic les  

increases   with  increasing  depth  of   erosion  or   with  e lapsed test t i m e .  

I f   c e l l   s i z e  is iden t i f i ed   w i th   e roded-pa r t i c l e   s i ze ,   t h i s   sugges t s  

t h a t ,   f o r  a ca l cu la t ion  of e ros ion   r a t e   t ha t   ex t ends   ove r  a considerable 

period  of t i m e ,  t h e   t y p i c a l  ce l l  i n c r e a s e s   i n   s i z e .  The consequences of 

an   i nc rease   i n  ce l l  s i z e   i n  terms of a s t a t i s t i c a l  model  of erosion rate 

are po in ted   ou t   b r i e f ly   i n   Sec t ion  I V .  

c. Shapes  of  Typical Eroded  Fragments 

The pyramid  having  the smdlest  number of sides i n  a tetrahedron. ’ 

I n  terms of t h e   i n i t i a l   c e l l u l a r  model  of  erosion  rate(8),  the  eroded 

fragment  produced  by  the least number of h i t s  i s  a te t rahedra l   p iece   o f  

t h e   s o l i d  which  has  been  cut  loose by the   in te rsec t ion   of   th ree   c racks .  
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Baker, J o l l i f f e ,  and  Pearson  have  reported  evidence  of  subsurface 

cracks formed during  drop-impact test. If subsurface  cracks exist, then 

pr ismatic   f ragments   or   platelets   can  be  cut   loose  by  the  intersect ion  of  

t h r e e   o r  more c racks   t ha t   o r ig ina t e  a t  the  surface  and  extend down t o  

the   subsu r face   c r ack   l y ing   pa ra l l e l   t o   t he   su r f ace .  

An electron  micrograph2  of  cavitation-eroded  fragments from 

1 2  percent  chromium s t a i n l e s s  steel  is shown i n   F i g u r e  6. This  micro- 

graph reveals fragments  of many d i f f e r e n t   s i z e s  and  shapes  with a mini- 

mum face  diameter  of  about  one  micron. The most  predominant two- 

dimensional  shape  appears  to  be a polygon  of a t  least  f i v e   s i d e s .  A s  

s e e n   i n  two dimensions, some of  the  fragments are polygons of so many 

s ides   t ha t   t hey   appea r   t o   be   c i r cu la r .  

d. Volume of a Tetrahedral  Fragment 

The pyramid  having  the smallest number of s i d e s  i s  a tetra- 

hedron. L e t  the   typ ica l   f ragment   be  a tetrahedron  circumscribed by 

th ree   s emie l l i p t i c   c r acks  AB, BC, and CA (See Figure 7) tha t   have   o r ig i -  

nated a t  t he   su r f ace  and  have  run down i n t o   t h e   s o l i d  and i n t e r s e c t e d  a t  

point  D. For   s impl ic i ty ,  l e t  the  typical  fragment  be a r egu la r   t e t r a -  

hedron  with  equal   s ide  length.  The area of   the   t r iangular   base ,  ABC, 

o f   s ide   l ength  b is b 2 p / 4 .  The a l t i t u d e  h of a regular   te t rahedron 

i s  given  by b fl and the  volume i s  113 the  product   of   the   base 

mul t ip l ied  by the  a l t i tude.   Associat ing  the  edge  length b wi th   t he  

minimal o r  c r i t i ca l  tetrahedral  fragment  having volume, v 

(25) 

C Y  

v C = b 3 p / 1 2  . 
I f   t h e  edge  length b of  the  minimal  tetrahedron is  assoc ia ted   wi th   the  

1-micron  edge  length of a micromosaic  unit,  then  vc = 0.118 x 10 cm . -12 3 

The area of   one   o f   the   in te rsec t ing   semie l l ip t ic   c racks   tha t  

form the  te t rahedron ABCD i n   F i g u r e  7 is  1~h'b/2  where  h' is  a l s o   t h e  

s l a n t   h e i g h t  of the  te t rahedron.   Because  the  s lant   height   of  a regular  

te t rahedron i s  g i ~ e n ( ' ~ ) b y  b p / 2 ,  t h e  area of   the   semie l l ip t ic   c rack  

'This micrograph w a s  obtained by D r .  G. Gould,  General Electr ic  Company, 
Materials and Processes  Laboratory,  Schenectady, New York. 
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F i g u r e  6 .  Elec t ron   Mic rograph  of Eroded  Fragments of 1 2   P e r c e n t  
Chromium S t a i n l e s s   S t e e l   ( P h o t o  by D r .  G. Gould). 
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h = altitude of tetrahedron = b J 2 / 3  

h' = semi-axis of ellipse  and  slant  height of tetrahedron = b / 2  

Figure 7. Schematic  Drawing of a  Tetrahedral  Fragment  Formed by the 
Intersection of Three  Semi-Elliptic  Cracks. 

. 2  
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is  r r b 2 G  1 4 .  For  crack  formation  in  a s p e c i f i c  material, i f   t h e   p a r t  

of  the  impact  energy  that  is inves ted   in   c rack   format ion  i s  doubled, 

t he  area o f   each   o f   t he   i n t e r sec t ing   s emie l l i p t i c   c r acks  w i l l  be  doubled - 
because  the  surface  energy  of  a crack is  the  product  of  the area of   the  

crack  mult ipl ied by the   sur face   t ens ion   of   the   so l id .  To double  the 

area of   each   of   the   semie l l ip t ic   c racks ,   the   o r ig ina l   edge   length  b must 

i n c r e a s e   t o  $? (b). 

L e t  E be  the  par t   of   the   impact   energy  that  is  i n v e s t e d   i n  

crack  formation  and le t  E be   the  c r i t i ca l  threshold  energy  needed  to 

form a crack. By analogy  with  the case i n  which t h e  area of   the semi- 

e l l i p t i c   c r a c k s  is doubled, i f   t h e   p a r t   o f   t h e  impact  energy  that is 

inves ted   in   c rack   format ion  is increased E/Ec times, t h e  area of t he  

semie l l i p t i c   c r acks  i s  given by ( Gc (b)  IT^ f 4 and t h e   o r i g i n a l  

edge  length b must  increase t o m  b. 

C 

The volume of   the  te t rahedron  cut   out  by the   th ree   l a rger -  

s ized   c racks  w i l l  then  be ( W c ( b )  3 + h .  I f   t h e  edge  length b i s  

associated  with  the  minimal   uni t   of   crack  length  for   cracks  extending 

from the   sur face ,   def ined  by the  c r i t i c a l  energy Ec o r  c r i t i c a l  v e l o c i t y  

Vc a t  which a crack is j u s t   a b l e   t o  form i n   t h e  work-hardened s ta te  of 

a metal under  drop-impact test ,  then  the volume of a typical  fragment 

formed a t  an  impact  energy  associated  with  the  crack  formation  energy E ,  

or  impact  velocity  which  corresponds  to  the  crack  formation  energy E ,  i s  

proport ional   to   (E/Ec)3/2  or   to  (V/Vc)3 times the  volume of  the  minimal 

te t rahedral   f ragment   associated  with  the  energy E, o r   w i th   t he   ve loc i ty  

VC 

For a s p e c i f i c  material, t he  volume of   the  te t rahedral   f ragment ,  

v t ,  formed a t  an  impact  energy  associated  with  the  crack  formation  energy 

E o r  a t  a corresponding  impact  velocity is 

v = kvc (V/Vc) 3 
t 

where k is a proport ional i ty   constant   and vc i s  given  by  Equation 11. 

Associating  the  edge  length b of the  minimal  tetrahedral  fragment  with 

the  edge  length  of a 1-micron  micromosaic unit ,   and  using  Equation 11 

for   t he  volume of  the  minimal  tetrahedral  fragment,  

vt = k (0.118 x  lo-'*) (V/Vc) . (13) 
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It seems r e a s o n a b l e   t o   e x p e c t   t h a t   t h e   c o n s t a n t  k is a f u n c t i o n  

of   the   d rop  mass, M, as w e l l  as of material p rope r t i e s   such  as t h e  

s t r e n g t h ,  S ,  and  the e las t ic  modulus, Y, o f   t h e   s o l i d   b e i n g   t e s t e d ;   t h i s  

cons t an t  m u s t ,  t h e r e f o r e ,   b e   d i f f e r e n t   f o r   d i f f e r e n t  materials, drop 

s i z e s ,  and   drop- l iqu id   dens i t ies .  A quant i ty   tha t   might   reasonably   be  

expec ted   t o   en t e r   i n to   t he   expres s ion   fo r   t he   cons t an t  k is t h e   t e n s i l e  

force  needed  to   open a crack. 

The G r i f f i t h   f o r c e  (26) t e n d i n g   t o   p u l l  a crack  open is given 

by 

(2TYl~rc) 112 f o r   p l a n e  stress 
and 

(2TY/[rc(l - v ~ ) ] ) ~ ”   f o r   p l a n e   s t r a i n  

where T is  su r face   t ens ion ,  Y is  Young’s  modulus, c is h a l f   t h e   l e n g t h  

of  the  crack,  and v is  Poisson’s  ratio.   Because  the  dimensions  of  force 

are g.cm/sec2  and  because  the  dimensions  of  surface  tension are g /sec2 ,  

a d imens ion le s s   f ac to r  would b e   o b t a i n e d   i f   t h e   f o r c e   t e n d i n g   t o   p u l l  a 

crack  open were to   be   d iv ided   i n to   t he   p roduc t   o f   su r f ace   t ens ion   mu l t i -  

pl ied  by  the  drop  diameter .  

It seems u n l i k e l y   t h a t   t h e  thermodynamic su r face   t ens ion   shou ld  

be   used   for  T i n   t h e   G r i f f i t h   e q u a t i o n   b e c a u s e   t h e   f o r m a t i o n  and  propa- 

ga t ion   of  a c rack   involves  more than   the   c rea t ion   of  new su r face .  What 

should  be  used i s  the   sur face   energy   measured   in  a f r a c t u r e   p r o c e s s ;   f o r  

d u c t i l e   m a t e r i a l s   s u c h  a measurement w i l l  b e   d i f f i c u l t   t o  make. This  

surface  energy  can  be  obtained  f rom  the  s t ra in   energy  re lease rate 

(Irwin  G-factor)  which i s  p r o p o r t i o n a l   t o   t h e   s q u a r e   o f   t h e   y i e l d  

s t rength   d iv ided   by  Young’s  modulus.  For t h e  case of   plane stress, i f  

T is t aken   t o   be   p ropor t iona l   t o  S 2/Y, where S is  t h e  0.2 percent   o f f -  

set y i e l d   s t r e n g t h   o f   t h e   s o l i d ,   t h e   G r i f f i t h   f o r c e   t e n d i n g   t o   p u l l  a 

crack  open  would  reduce  to a cons t an t  times t h e   q u o t i e n t   o f   y i e l d  

s t r e n g t h   d i v i d e d  by the   square   roo t   o f   the   ha l f - length   o f   the   c rack .  

Y Y 

I f   Equat ion  1 2  or   Equat ion  1 3  is s u b s t i t u t e d   i n t o   E q u a t i o n  4 ,  

i t  is s e e n   t h a t   t h e  volume rate o f   e r o s i o n   f o r  a spec i f i c   ma te r i a l   depends  

on   t he   t h i rd  power o f   t he   impac t   ve loc i ty   fo r   t he   ca se   t ha t   t he   t yp ica l  

eroded  fragment is  a te t rahedron .  The s l a n t   h e i g h t   o f  a regular  pyramid 

of  any number of s i d e s  is given  by  [a2 - (b/2>2]  1/2 where 2 and a r e  
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the  edge  lengths  of a t r i a n g u l a r  face. For   the case t h a t  a = gb where 
g is a numer i ca l   coe f f i c i en t ,   t he   s l an t   he igh t  is  b(4g’ - 1)”’/2. Be- 

c ause   t he   s l an t   he igh t  of a regular  pyramid of any number of   s ides  is 

given  by  the same power of  the  edge  length b as the   s lan t   he ight   o f  a 

regular   te t rahedron,  i t  appears   tha t   the  same v e l o c i t y  dependence  of 

the rate of  erosion  should  be  obtained  for  pyramidal  fragments  of any 

number of   s ides  as is  obta ined   for   t e t rahedra l   f ragments .  

e. Volume of a Prismatic  Fragment 

The existence  of  subsurface  cracks  in  eroded  specimens was 

reported by  Baker, J o l l i f f e ,  and  Pearson‘”) ; however, t he  number of 

such   c racks   appeared   to   be   res t r ic ted .   I f   subsur face   c racks   tha t   run  

para l le l   to   the   impacted   sur face  are produced e i t h e r  as a r e s u l t   o f  

subsurface  shear  stresses o r  by the  growth of cracks from t h e   s i d e  walls 

o f   ex i s t ing  craters, then  cracks  that   run down from the   sur face  may 

intersect   the   subsurface  cracks  to   form  eroded  f ragments   that   are  p r i s m s .  

The po ten t i a l   ene rgy   i nves t ed   i n  a crack  of  f ixed  depth is 

propor t iona l   to   the   l ength  of the  crack. Assuming t h a t   t h e   f r a c t i o n ,  E,  

o f   the  i m p a c t  energy  that  i s  used in  crack  formation  remains  constant 

as the  impact  energy is  increased  and  that   the  depth  of  penetration  of 

a crack  extending downward from t h e   s u r f a c e  is  f ixed by a subsurface 

crack  running  paral le l   to   the  surface,   then,   i f   the   impact   energy is 

doubled,  the  length of the  crack  which  extends downward from the   su r f ace  

to  the  subsurface  crack  should  also  be  doubled. 

L e t  the   typ ica l   f ragment   be  a t r iangular   pr ism  c i rcumscribed 

by three   c racks ,  a,  b ,  and c,  and l e t  i t  have  an  a l t i tude  or   thickness  

determined  by a pre-existing  subsurface  crack  (See  Figure 8, upper  view). 

The area of  the  triangular  upper  and  lower  base, ABC, is  given  by 

[s ( s  - a )  (s - b ) ( s  - c)]l/’  where s = (a + b + c) /2 .   I f   the   impact  

energy is doubled,  then  the  side  lengths a, b,  and c, w i l l  be  doubled 

and  the area of  the  upper  and  lower  base w i l l  be  increased by a f a c t o r  

of 22 o r  4 times. 

S imi l a r ly ,   fo r   t he  case that   the   f ragment  i s  a polyhedron of 

f o u r   s i d e s  (See Figure 8, lower  view) a l so   hav ing   a l t i t ude   o r   t h i ckness  

determined by a pre-existing  subsurface  crack,  if   the  impact  energy is  

doubled  then  the  lengths  of  the  sides a, b ,  c, and d are doubled  and 
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Figure 8. Schematic  Drawings  of  Prismatic  Fragments  Whose  Thickness 
is  Determined  by  a  Pre-Existing  Subsurface  Crack. 
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the   a rea   c i rcumscr ibed  by the   fou r   c r acks  is  increased  by a f a c t o r   o f  2 

o r  4 times. I n   g e n e r a l ,   i f   t h e   i m p a c t   e n e r g y  is  increased  z-fold,   the  

area c i r cumscr ibed   by   t he   c r acks   t ha t   r e su l t  i s  increased  z2 times. 

2 

I f  a minimal   uni t   of   crack  length  extending  f rom  the  surface 

t o   t h e   s u b s u r f a c e   c r a c k  is  def ined  by  the c r i t i ca l  energy, E,, o r  c r i t i ca l  

v e l o c i t y ,  Vc, a t  which  such a crack  is j u s t   a b l e   t o  form,   then  the  surface 

area of a typical  fragment  formed a t  an  energy, E, o r  a t  a v e l o c i t y  V, i s  

p r o p o r t i o n a l   t o  (E/Ec) o r   t o  (V/Vc)4 times the  minimal area as soc ia t ed  

wi th   the   energy ,  E,, o r   w i t h   t h e   v e l o c i t y ,  Vc. The minimal area is  t h e  

area of a fragment  of  the smallest possible   s ize .   This   minimal  area is 

des igna ted  as A,. 

2 

I n  view of   the   p receding   cons idera t ions ,  i t  appea r s   t ha t   t he  

volume  of a pr ismatic   eroded  f ragment ,  v shou ld   be   p ropor t iona l   t o  

(A,) ( t o )  (V/Vc)4  where to is the  depth  of  the  subsurface  crack  below  the 

s u r f a c e ,   t h a t  is 

P' 

where  k' is a propor t iona l i ty   cons tan t   which  i s  a function  of  drop mass 

and material proper t ies .   I f   Equat ion   14  is s u b s t i t u t e d   i n t o   E q u a t i o n  4,  
i t  a p p e a r s   t h a t   t h e  volume rate o f   e r o s i o n   f o r  a s p e c i f i c  material de- 

pends  on  the  fourth power o f   t he   impac t   ve loc i ty   fo r   t he   ca se   t ha t   t he  

eroded  fragments  are  prismatic.   Because  the area of a l l   r e g u l a r   p o l y g o n s  

is a funct ion  of   the  square  of   the   edge  length  and  because  the  areas   of  

i r regular   polygons  can  be  expressed as t h e  sums of   t he   a r eas   o f   r egu la r  

polygons, i t  a p p e a r s   t h a t   t h e  same veloci ty   dependence  of   the rate of  

e ros ion   should   be   ob ta ined   for   p r i smat ic   f ragments   o f  a l l  s i z e s  and 

shapes.  

111. PARTIAL TEST O F  THE EQUATIONS 

Equations  4, 7 ,  13, and  14 are not   ready   for   independent  tes t  be- 

cause   t hey   con ta in   quan t i t i e s   t ha t   canno t   ye t   be   eva lua ted  from t h e o r e t i -  

ca l   cons ide ra t ions   a lone .  They can  be  given a p a r t i a l  t es t  by  assessing 

the  values   of   the   needed  quant i t ies   with  recourse  to   experimental   data .  

It w a s  a n t i c i p a t e d   t h a t   p a r t i a l  test of   these  equat ions would i n   i t s e l f  

p rovide   va luable   in format ion .  
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Both  drop-impact  and cavi ta t ion   weight - loss   da ta  w e r e  co l lec ted  

under   very  careful ly   control led  condi t ions  for   the  purpose  of   tes t ing 

equations. The test specimens were of   z inc,   i ron,   tantalum,  nickel ,  

Udimet 700 i n   t h e   s o l u t i o n e d  state and Udimet 700 i n   t h e  aged state. 

These metals represent  the  face-centered-cubic,  body-centered-cubic, 

and  hexagonal  lattice-packing  types.  Information  on  the  work-hardening 

cha rac t e r i s t i c s ,   t ens i l e   s t r e s s - s t r a in   cha rac t e r i s t i c s ,   impac t   behav io r ,  

and minimum veloc i ty   requi red   to   dent  by  impact  of a s teel  sphere was 

obta ined   for   these  metals i n   a n  earlier study.  (14) The specimens  of 

these  metals t h a t  w e r e  used f o r  drop-impact  and cav i t a t ion   e ros ion  tests 

were from the  same h e a t  and were i n   t h e  same heat-treatment s t a t e  as the  

impact  specimens  used i n   t h e  earlier study. (14) 

The experimental   values   of   weight   loss   for   these metals were de- 

t e rmined   a f t e r   a rb i t r a ry   pe r iods  of waterdrop  impingement  on a ro ta t ing-  

arm d e ~ i c e . ~  A l l  of   the  tests were performed a t  a relative impact ve- 

l o c i t y   o f  1000 f t / s e c   w i t h  0.0866-cm-diameter drops.  With  the  apparatus 

t h a t  w a s  used,  (28)  both  the  impingement  velocity  and  the  drop  diameter 

could  be  held  constant  with a high  degree  of  precision. With the  ex- 

ception  of Udimet 700, which w a s  found to   r equ i r e   l ong   pe r iods  of test 

before   erosion l o s s  occurred, a s e p a r a t e  test specimen w a s  used  for  each 

data   point .   This   e l iminated  changes  in   the impingement area, A, which 

occur as a consequence  of  removal  and  replacement  of a test specimen i n  

order   to   determine  weight   loss .  

The drops  impinged  within a more o r  less c i r cu la r   a r ea   hav ing  a 

radius  equal  to  the  drop  diameter.  The reported rate a t  which the  drops 

impinged w a s  161.5 per  second. The r epor t ed   da t a   fo r   t he  tests performed 

were test  t i m e ,  in i t ia l   weight   of   specimen,  and final  weight  of  specimen. 

For a de t a i l ed   desc r ip t ion   o f   t he  test apparatus,  a discussion of pro- 

cedures   used  in   carrying  out   the  tests, and a tabulat ion  of   the raw da ta ,  

see Appendix B. 

Weight loss  during  each t i m e  of exposure  to  drop  impingement was 

found  by sub t r ac t ing   t he   we igh t  of the  specimen  after  exposure  from i t s  

=The tests, which were obtained  from  the  University of  Minnesota, were 
car r ied   ou t   under   the   d i rec t ion   of  M r .  John A. Almo; M r .  Michael McKay 
c a r r i e d   o u t  most  of  the test runs. 
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weight  before  exposure.   Weight  loss w a s  divided by the   dens i ty   o f   t he  

metal to   conver t  i t  t o  volume l o s s .  T e s t  du ra t ion  times were m u l t i p l i e d  

by the  rate a t  which  the  drops  impinged  to  convert  them t o  numbers  of 

drop  impacts   sustained.  The r e s u l t i n g   d a t a   f o r   t h e   s i x  metals are given 

i n   T a b l e  1. 

It w a s  n o t   p o s s i b l e   t o   i n c l u d e  a test o f   t he   equa t ions   w i th   u se  of 

t he   cav i t a t ion   da t a ,   wh ich  were col lected  independent ly   by M r .  S tan ley  

G. Young a t  t h e  NASA L e w i s  Research Center, Cleveland,  Ohio, i n   t h e  

present   s tudy .   This  test and  whatever   correlat ion may be  found  becween 

the   d rop- impact   and   cav i ta t ion   e ros ion   da ta   tha t  w e r e  c o l l e c t e d  w i l l  be  

p r e s e n t e d   i n  a l a t e r   s t u d y .  

A. Rela t ionships  Needed t o  Test Equations 4 and 7 

I n   t h e  deve lopmen t   o f   t he   s t a t i s t i ca l   t r ea tmen t  , i t  was assumed 

t h a t   t h e   t y p i c a l  ce l l  i n   t h e   a r r a y  of ce l l s   has   the   s ize   o f   an   e roded  

fragment   and  that   the   diameter ,   d ,   of  a o -ce l l  i s  e q u a l   t o   t h e   d i s t a n c e  

across  an  eroded  fragment. From Equation 6 ,  t ak ing   t he   a r ea  of a a - c e l l  

i n   t h e   d i r e c t i o n  of  impingement t o   b e   c i r c u l a r ,  

p = d r / 4 A  2 

from  which 

d = ( 4 A  PIIT) . 1 1 2  (15) 

L e t  i t  now b e  assumed t h a t   t h e  number of impacts   required  to  work- 

harden a piece of  t he   so l id ,   c i r cumscr ibe  i t  with  cracks,   and  re lease 

i t  as an  eroded  fragment i s  p ropor t iona l   t o   t he   s i ze   o f   t he   f r agmen t .  

The  number of   impacts   required  to  release a fragment   f rom  the  or iginal  

sur face   o f   the  t es t  specimen a t  t h e   s t a r t   o f  a test  i s  No. Then No i s  

p ropor t iona l   t o   d .  By tr ial ,  i t  appears   f rom  recourse  to   the  experi-  

m e n t a l   d a t a   t h a t   t h e   p r o p o r t i o n a l i t y   c o n s t a n t  is the   r ec ip roca l   o f   t he  

edge  length  of a micromosaic   uni t   or   about  lo4  cm-l .  Th i s   l eads   t o   t he  

r e l a t i o n s h i p  , 
N~ = 104d 

which states t h a t   t h e  number of   impacts   requi red   to   re lease  a fragment 

is equal   to   the  diameter   of   the   f ragment   expressed  in   microns.  
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Z I N C  

Number of 
Impacts 

10  Impacts 

2.42 
2.46 
4.84 
4.87 
9.69 
9.74 

12.23 
14.54 
14.54 
19.38 
19.44 
21.93 
24.23 
24.63 
29.07 
29.07 
29.51 
31.51 
33.92 
34.00 
36.34 
36.35 
38.76 
38.79 
41.18 
41.52 

3 

Volume 
Loss 

10 cc -4 

0.70 
0.43 
1.40 
1.54 
2.80 
2.24 
5.75 
5.60 
5.74 
6.30 
6.02 

15.42 
15.70 
15.42 
16.54 
17.38 
25.511 
21.01 
21.02 
26.49 
30.56 
29.72 
35.04 
34.90 
34.34 
32.52? 
hole 

TABLE 1 

EXPERIMENTAL VOLUME LOSS DATA FOR THE SIX SELECTED  METALS 

NICKEL 

Number of 
Impacts 

10  Impacts 4 

0.236 
0.491 
0.581 
1.000 
1.455 
2.426 
4.882 
9.693 

14.535 
19.383 
24.225 
,29.070 
33.918 
38.76 
43.62 

Volume 
Loss 

1 0 - ~ ~ ~  

1.01 
0.22 
1.46 
2.69 
1.46 
3.48 
7.07 

12.8 
16.62 
15.61 
22. l a  
19.43 
23.14 
23.14 
30.55? 

IRON I TANTALUM I UDIMET 700 Sol 'n. 

Number of 
Impacts 

10  Impacts 
5 

0.388 
0.775 
0.969 
1.132 
1.295 
1.551 
1.950 
2.326 
3.101 
4.652 
6.202 
8.075 
9.690 

JzT Volume  Number of 

LO cc  10  Impacts -4 1 5 

1.77 
3.04 
6.10 
6.99 
7.24 
6.98 
7.24 
9.52 

11.68 
15.74 
18.41 
26.42 
27.94 

0.563 
0.969 
1.293 
1.948 
2.422 
3.230 
3.908 
5.249 
7.751 
9,690 

11.144 
11.306 
15.504 

Volume Number of 
Loss Bmpacts 

10 cc 10 Impacts 
-4 6 

0 .oo 
2.77 
3.25 
5.96 
4.64 
8.37 

12.53 
15.54 
17.29 
19.04 
29,70? 
21.45 
25,42? 
hole 

1.464 
1.755 
2.046 
2.627 
3.208 
4.371 
5.419 
6.687 
8.011 
9.303 

lolume 
Loss 

LO cc -4 

3.03 
7.82 
9.21 

12.50 
14.39 
18.30 
23.61 
29.16 
33.45 
34.971 
hole 

T UDIMET 700  Aged 

Number of 
Impacts 

10  Impacts 6 

1.454 
8.038 
2.328 
2.910 
3.491 
4.072 
4.654 
5.235 
5.814 
6.977 
8.140 
9.302 

10.465 

lo lume 
Loss 

LO cc -4 

0.37 
6.06 
9.72 

13.38 
16.41 
18.93 
21.46 
23.23 
25.00 
28.91 
30.68 
33.08 
35.351 
hole 



Subs t i tu t ing   Equat ion   15   in to   Equat ion   16 ,  

No = 1.12838 x l o 4  (Ap) . 1/ 2 
(17) 

For   t he   expe r imen ta l   da t a   t ha t  were c o l l e c t e d ,  A = 0.0235606 cm2. For 

t hese   da t a  onlg, 

No = 1732 p 1 / 2  

The numbers g i v e n   t o   t h e s e   e q u a t i o n s   i n d i c a t e   t h a t   t h e y  are r e s t r i c t e d  

i n   a p p l i c a t i o n   t o   a n  impingement area of  0.0235606 cm2. 

The  number of  cells  o f   a r ea  (5 i n   a n   a r r a y   t h a t   e x t e n d s   o v e r   a r e a  A 

is  given  by  Equation 1. I f  a r a i n   o f  n impacts   occurs   over   area A, then 

the   average  number of impacts   aga ins t  a t y p i c a l   a - c e l l   i n   t h e   a r r a y  is  

t h e   q u o t i e n t  na/A.  With use of Equat ion  6 ,   the   average number of impacts 

t h a t   o c c u r   a g a i n s t   t h e   t y p i c a l  c e l l  when a r a i n  of n impacts  occurs  over 

area A is j u s t  p  n where p is t h e   p r o b a b i l i t y  of a h i t   a g a i n s t   t h e   c e l l .  

A l a y e r  of no'  fragments w i l l  be   r e l eased  from t h e   a r e a  A when t h e  

number of   impacts   tha t   occur  a t  a t y p i c a l  ce l l  s i te  i s  No o r  when t h e  

average number of impacts is p no  and n is a s p e c i f i c  number of  impacts 

t ha t   occu r   ove r   a r ea  A. Remembering t h i s   f a c t ,  and  multiplying  Equation 
0 

R2 by  no, 

pno = N L  no/(1732)L = No. 
0 

From the   second  equal i ty ,  

n = (1732) 2 /No = 2999824/N0. 
0 

B. Test of   the  Equat ions  with  Experimental  Drop-Impact Volume-Loss 
Data f o r   I r o n  

The drop-impact  volume-loss  data  that were c o l l e c t e d   f o r   i r o n   a r e  

p a r t i c u l a r l y  w e l l  s u i t e d   f o r  test of   the  equat ions  because a l a r g e  number 

of   da ta   po in ts   happened   to   be   co l lec ted   over   the   range   of   impacts   in   which  

t h e  m a x i m u m  rate of volume loss  occurred.  These  experimental  volume-loss 

d a t a   f o r   i r o n  are p l o t t e d   a g a i n s t  number of impac t s   sus t a ined   i n   F igu re  9. 
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Figure 9. Experimental Accumulated-Volume-Loss Data f o r  Iron. Three  Knees i n  the Data are Indicated. 



1. Expected Form of   the Rate-of-Volume-Loss  Curve 

The maximum rate of  volume l o s s   o c c u r s  a t  t h e  number of   impacts   for  

w h i c h   t h e   f i r s t   s h a r p  rise i n  accumulated  volume loss t akes   p l ace .   In  

Figure  9 ,  i t  can  be  seen by i n s p e c t i o n   t h a t   t h i s   f i r s t   s h a r p  rise i n  

accumulated  volume  loss  takes  place somewhere  between 0.9 and 1 x 10 

impacts .   Further   inspect ion  of   Figure 9 i n d i c a t e s   t h a t  two o the r   sha rp  

rises i n  accumulated  volume loss also  occur.   These rises, which are 

l o c a t e d  a t  about 2.75 x lo5 and  6.5 x lo5 impacts ,   respec t ive ly ,  are 

as soc ia t ed   w i th   peaks   i n   t he  rate of  volume loss t h a t   a r e   l o w e r   t h a n   t h e  

f i r s t  peak;  the f i r s t  peak i s  t h e  m a x i m u m  rate of  volume loss. 

5 

The peaks i n   t h e  rate of  volume loss p lo t t ed   aga ins t   impac t s   sus -  

t a ined  are separa ted  by r e g i o n s   i n  which e s s e n t i a l l y  no  volume loss 

occurs .   Three   o f   such   f la t   p la teaus   have   been   roughly   ind ica ted   in  

Figure 9. The r a t e  of  volume l o s s  on such a p l a t eau  i s  zero.  From 

inspec t ion   a lone ,  i t  can b e  concluded   tha t   the  rate of  volume l o s s  f o r  

i r o n   p l o t t e d   a g a i n s t  number of  impacts  sustained w i l l  have  the  form 

ind ica t ed   s chemat i ca l ly   i n   F igu re   10 .  

For a f u r t h e r   d i s c u s s i o n   o f   f e a t u r e s   o f   r a t e   c u r v e s  see Sec t ion  1 I I . G .  

2. Sample Calculat ion  of  Rate-of-Volume-Loss  and  Accumulated- 
Volume-Loss Curves 

The t h e o r e t i c a l  work has   no t   ye t   been   ca r r i ed   f a r  enough t o  pro- 

v i d e   a n   e x p r e s s i o n   f o r   t h e   f i r s t  number  of the   count ing   ru le ,  No, o r  

f o r   t h e  number  of impacts ,   no,   that   must   occur   against   an  area,  A,  of 

a given material b e f o r e   t h e   f i r s t   s h a r p  rise i n  accumulated  volume  loss 

takes   place.  It  i s  necessary   to   have   recourse   to   the   exper imenta l   da ta  

t o   o b t a i n   t h e  number  of impacts,  no. On the   bas i s   o f   t he   expe r imen ta l  

d a t a ,  0.95 x 10 can  be  accepted as a probable   va lue   o f   the   impacts  

t h a t  are requi red  t o  r e a c h   t h e   f i r s t   s h a r p  rise i n  accumulated  volume 

loss f o r   i r o n .   S u b s t i t u t i n g   t h i s   v a l u e   o f  n in to   Equa t ion  R3, t h e  

value  of  No i s  found t o   b e  32. S u b s t i t u t i n g   t h i s   v a l u e   o f  No i n t o  

Equation R2, t he   p robab i l i t y   o f  a h i t ,   p ,  i s  found t o   b e  3.4135 x 
For   i ron ,   wi th  No equa l   t o  32, the   count ing   ru le   numbers ,  N i ,  can  be 

expec ted   to  p a s s  through  the  values  N = 64 and N2 = 128 as the   angle  

a t  which  the  drops  impinge  changes  from  normal  incidence  to  an  effective 

angle   of  30 degrees   (See  Sect ion  1I .C) .  
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Figure 10. Schematic  Representation of the  Expected Form of the Rate-of-Volume-Loss Curve  for Iron 
on  the  Basis of Inspection  of  the  Accumulated-Volume-Loss Data. 



The i n p u t   d a t a   f o r   i r o n   t o   b e   u s e d   i n   t h e  computer  program  (See 

Appendix C-B) fo r   Equa t ion  7 are : p = 3.4135  x 10" , No = 32, 

N1 = 64,  and N2 = 128.  Because it w a s  d e s i r e d   t o   c a l c u l a t e   t h e  rate of 

e r o s i o n   f o r   i r o n ,  a pr intout   of   the   accumulated number o f   e j ec t ed   l aye r s  

of  fragments was required  and  the  condi t ion R 1  = R2 = R3 = 1 was  imposed 

(See  Appendix C-B). The  computer p r i n t o u t   o f   l a y e r s  of fragments 

e j e c t e d  is g iven   i n   t he   s econd  column of  Table 2. 

From Equation 16 and   the   va lue   o f  32 f o r  No, the   diameter ,   d ,   of  

an  eroded  i ron  f ragment  i s  0.0032 cm o r  32 microns.  This i s  about   ha l f  

t h e   a v e r a g e   g r a i n   s i z e   o f   t h e   i r o n  metal used,  which w a s  found t o   b e  

6 3  microns  using  the Heyn i n t e r c e p t  method (AS" Designat ion E112-63). 

Assuming t h a t   t h e  area of a t y p i c a l   a - c e l l   i n   i r o n  is t h e  area of a 

c i r c l e   hav ing   t he   d i ame te r  d = 0.0032 cm, t h e   a r e a ,   a ,   o f   t h e   t y p i c a l  

c e l l  or   e roded   f ragment   for   i ron  is 8.0425 x cm . Remembering t h a t  

t h e  impingement a rea ,  A, f o r   t h e  drop-impact tests performed i s  0.0235606 

cm2, t he  number of   a -ce l l s ,  0 ,  f o r   i r o n  from  Equation 1 is 2929.51.  For 

t h e  0.0866-cm-diameter d r o p s   t h a t  were used, 0' f o r   i r o n  from Equation 2 

is 42.5098,  and the  product  rlrl' is 124532. The f ragments   e jec ted  from 

area A when e a c h   a - c e l l   i n   t h i s  area has   rece ived  some i n t e g r a l  number 

of  impacts is the  product   of  00' times t h e  number o f   l aye r s   e j ec t ed .  

The fragments   e jected  f rom area A are l i s t e d   i n  column three  of   Table  2 

and the   va lues  of  a v e r a g e   e j e c t i o n   r a t e ,  3 ,  found  with  use  of  Equation 8 

a r e   g i v e n   i n  column four .  

2 

The  volume  of a te t rahedra l   f ragment  is  0.11785 times the  cube  of 

the   edge   length .   I f   the   va lue  d = 0.0032 cm is used fo r   t he   edge   l eng th ,  

t h e  volume of  a t e t r ahedra l   f r agmen t   fo r   i ron  is 3.8617  x cm3. I n  

order  t o  make t h e  first knee  of   the  theoret ical   volume-loss-versus-  

impacts-sustained  curve  occur a t  t h e  same value  of  accumulated  volume 

loss as t h e   f i r s t  knee  formed  by  the  experimental   data   points ,  i t  w a s  

found  by t r i a l  t h a t   t h e  volume  of t he   t yp ica l   f r agmen t   fo r   i ron  is  1.5 

times t h i s   t e t r a h e d r a l  volume. Th i s   sugges t s   t ha t   t he   e j ec t ed   f r agmen t s  

may n o t  a l l  be   t e t r ahedra .  It i s  noteworthy  that   an  eroded  fragment 

volume l a r g e r   t h a n   t h e   t e t r a h e d r a l  volume is reasonable   because some of -  

the  eroded  fragments may be  prisms;  an  eroded  fragment  volume smaller 

t h a n   t h e   t e t r a h e d r a l  volume  could  not   be  just i f ied.   With  use  of   the  

f a c t o r  1.5, t h e  volume  of  an  average  iron  fragment is  given by t h e  
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TABLE 2 

SUMMARY  OF  DATA  FOR  THE  CALCULATED  CURVES  FOR  IRON 

P 
0 

Impacts 
n 

0.25 x lo5 5 

0.50 x lo5 
0.60 x lo5 
0.70 x lo5 
0.75 x lo5 
0.80 x lo5 
0.89 x lo5 
0.90 x lo5 
0.91 x lo5 
0.92 x lo5 
0.93 x lo5 
0.94 x 10 
0.95 x 10 5 5 0.96 x lo5 
0.97 x lo5 
0.98 x lo5 
0.99 x lo5 
1.00 x lo5 

1.20 x lo5 
1.10 x 10 5 

1.25 x lo5 
1.50 x lo5 
1.75 x lo5 

2.25 x lo5 
2.50 x lo5 
2.75 x lo5 
2.78 x lo5 
2.80 x lo5 
2.85 x lo5 
2.90 x lo5 
2.95 x lo5 
3.00 x 10 

2.00 x lo5 

Layers  Ejected 

" 

0.0000 
0.0008 
0.0110 
0.0648 
0.1236 
0.2078 
0.4082 
0.4325 
0.4569 
0.4813 
0.5056 
0.5 296 
0.5534 
0.5769 
0.5999 
0.6224 
0.6444 
0.6657 
0.8383 
0.9351 
0.9614 
0.9984 
1.000 
1.001 
1.019 
1.136 
1.427 
1.468 
1.496 
1.565 
1.632 
1.694 
1.750 

Fragments  Ejected 
From  Area A 

" 

0 
99 

1374 
8071 
15398 
25 87  2 
50836 
53864 
56901 
59936 
62958 
65956 
68919 
71838 
74704 
77508 
80242 
82901 
104399 
116445 
119727 
124328 
124529 
124642 
126907 
141503 
177668 
182871 
186346 
194937 
203192 
210899 
217898 

Ejection  Rate 
J 

frgsjimpact 

0 .ooooo 
0.00025 
0.1275 
0.6697 
I. 465 
1.780 
2.774 
3.028 
3.037 
3.035 
3.022 
2.998 
2.963 
2.919 
2.866 
2.804 
2.734 
2.659 
2.150 
1.205 
0.6564 
0,1840 
0.00804 
0.00452 
0,09060 
0.5838 
1.447 
1.734 
1.738 
1.718 
1.651 
1.541 
1.400 

~~~ ~~ 

Volume  Rate 
R 

ccjimpact 

0.00000 
0.00143 x 101; 
0.7387 x 
3.879 x 
8.488 x 
10.31 x 
16.07 x 
17.54 x 
17.59 x 10 
17.58 x 
17.51 x 
17.37 x 
17.16 x 
16.91 x 
16.60 x 
16.24 x 
15.84 x 
15.40 x 
12.45 x 
6.978 x 
3.802 x 
1.066 x 
0.04657 x 
0.02618 x 
0.5248 x 
3.382 x 
8.380 x 
10.05 x 
10.06 x 
9.953 x 
9.564 x lom9 
8.929 x 
8.108 x 10 

-9 

Volume  Increment 
Q 
cc 

0.0000 -4 
0.0001 x 
0.0739 x 
0.3879 x 
0.4244 x 
0.5156 x 
1.446 x 
0.1754 x 
0.1759 x 
0.1758 x 
0.1751 x 
0.1737 x 
0.1716 x 
0.1691 x 
0.1660 x 
0.1624 x 
0.1584 x 
0.1540 x 
1.245 x 
0.6978 x 
0.1901 x 
0.2665 x 
0.0116 x 
0.0065 x 
0.1312 x 
0.8455 x 
2.095 x 
0.3014 x 
0.2013 x 
0.4976 x 
0.4782 x 
0.4464 x 
0.4054 x 10 

hccumulated  Volume 
Loss, L 

cc 

0.0000 -4 
0.0001 x 
0.0740 x 
0.4619 x 
0.8863 x 
1.402 x 
2.848 x 
3.023 x 
3.199 x 
3.375 x 
3.550 x 
3.724 x 
3.896 x 
4.065 x 
4.131 x 
4.393 x 
4.551 x 
4.705 x 
5.951 x 
6.649 x 
6.839 x 
7.105 x 
7.117 x 
7.123 x 
7.254 x 
8.100 x 
10.19 x 
10.50 x 
10.70 x 
11.20 x 
11.67 x 
12.12 x 
12.53 x 10 



Impacts ' Layers Ejected 
n 

" 

3.05 x lo5 5 

3.10 x 10 
3.15 x lo5 , 

5 1  

3.50 x lo5 

4.00 x lo5 

4.50 x lo5 ' 
4.75 x lo5 
5.00 x lo5 
5.25 x lo5  
5.50 x lo5 

6.00 x 10 5 6.25 x lo5 
6.30 x 10 
6.40 x lo5 5 

6.50 x lo5 
6.60 x lo5 
6.70 x 10 5 6.75 x lo5  
6.80 x lo5 
6.90 x lo5 
7.00 x lo5 
7.25 x lo5  
7.50 x 10 5 

8.00 x lo5 
8.25 x lo5 
8.50 x lo5 

4.25 X lo5  ~ 

5.75 x lo5  

7.75 x lo5 

8.75 x lo5 
9.00 x lo5  

9.75 x lo5 

9.25 x lo5  
9.50 x lo5 

10.00 x 10 

1.799 
1.842 
1.878 
1.931 
1,988 
1.999 
2.000 
2.000 
2.000 
2.000 
2.000 
2.001 
2.006 
2.028 
2.097 
2.242 
2.280 
2.363 
2.452 
2.543 
2.631 
2.672 
2.712 
2.782 
2.841 
2.938 
2.981 
2.995 
2.999 
3.000 
3.000 
3.001 
3.007 
3.024 
3.067 
3.153 
3.289 

TABLE 2  (Continued) 

SUMMARY  OF DATA FOR THE CALCULATED CURVES  FOR IRON 

Fragments Ejected 1 Ejection Rate , Volume R a t e  ' Volume Increment ' Accumulated  Volume 
From Area A ' J R 

" I frzsfimpact  ccf impact 
" 

224087 
229419 
233899 
240515 
247572 
248892 
249050 
249063 
249063 
249064 
249070 
249150 
249744 
252537 
261149 
279142 
283889 
294256 
305382 
316703 
327641 
332803 
337690 
346484 
353822 
365893 
371184 
372986 
373470 
373578 
373622 
373773 
374416 
376529 
381909 
392638 
409609 

1.238 
1.066 
0.8960 
0.6616 
0.2823 
0.05280 
0.00632 
0.00052 
0.00000 
0.00004 
0.00024 
0,00320 
0.02376 
0.1117 
0.3445 
0,7197 
0.9494 
1.037 
1.113 
1.132 
1.094 
1.032 
0.9774 
0.8794 
0.7338 
0.4828 
0.2116 
0.07208 
0.01936 
0.00432 
0.00176 
0.00604 
0.02572 
0.08452 
0.2152 
0.4292 
0.6788 

7.170 x 
6.177 x 
5.190 x 
3.832 x 
1.635 x 
0.3058 x 
0.0366 x 
0.0030 x 
0.0000 x 
0.0002 x 
0.0014 x 
0.0185 x 
0.1376 x 
0.6471 x 
1.995 x 10 
4.166 x 
5.499 x 10 
6.005 x 
6.445 x 
6.558 x 
6.336 x 
5.980 x 
5.662 x 
5.094 x 
4.251 x 
2.797 x 
1.226 x 
0.4175 x 
0.1121 x 
0.0250 x 
0.0102 x 
0.0350 x 
0.1490 x 
0.4896 x 
1.247 x 
2.486 x 
3.932 x 10 

-9 

-9 

-9 

Q 
cc 

Loss, L 
cc 

0.3585 x 
0.3089 x 
0.2595 x 
0.3832 x 
0.4088 x 
0.0765 x 
0.0092 x 
0.0008 x 
0.0000 x 
0.0001 x 
0.0003 x 
0.0046 x 
0.0344 x 
0.1618 x 
0.4989 x 
1.042 x 
0.2750 x 
0.6005 x 
0.6445 x 
0.6558 x lom4 
0.6336 x 
0.2990 x 
0.2831 x 
0.5094 x 
0.4251 x lom4 
0.6992 x 
0.3065 x 
0.1044 x 
0.0280 x 
0.0063 x 
0.0025 x 
0.0087 x lom4 
0.0372 x 
0.1224 x 
0.3116 x 
0.6215 x 
0.9831 x 10 

-4 12.88 
13.19 
13.45 
13.84 
14.24 
14.32 
14.33 
14.33 
14.33 
14.33 
14.33 
14.34 
14.37 
14.53 
15.03 
16.07 
16.35 
16.95 
17.59 
18.25 
18.88 
19.18 
19.46 
19.97 
20.40 
21.10 
21.40 
21.51 
21.54 
21.54 
21.55 
21.55 
21.59 
21.71 
22.03 
22.65 
23.63 



p r o d u c t  of- 0.18856 times the   cube  of t h e   e d g e   l e n g t h .  Remembering t h a t  

the  volume  of  a cube is u n i t y  times t h e   c u b e   o f   t h e   e d g e   l e n g t h ,   a n d   t h a t  

t h e  volume  of a t e t r a h e d r o n  is 0.11785 times the   cube  of t h e   e d g e   l e n g t h ,  

i t  a p p e a r s   t h a t   t h e   e r o d e d   i r o n   f r a g m e n t s  are l a r g e l y   t e t r a h e d r a l .  

The rates o f   v o l u m e   l o s s   f o r   i r o n   f o u n d   w i t h   u s e   o f   E q u a t i c n  4  and 

wi th   the   vo lume  of   an   e roded   f ragment ,  v, e q u a l   t o   1 . 5  times the  volume 

o f   t e t r ahedron   w i th   an   edge   l eng th   o f   0 .0032  cm are g i v e n   i n  column f i v e  

of Tab le  2.  The accumula ted   vo lume  losses   can   be   back-ca lcu la ted   f rom 

t h e  rates o f   vo lume   l o s s   t o   p rov ide  a check   o f   t he   cu rve   o f   r a t e -o f -  

v o l u m e - l o s s   p l o t t e d   a g a i n s t  number o f   i m p a c t s   s u s t a i n e d .  The inc remen t s  

of volume l o s s ,  Q,  c a l c u l a t e d   w i t h   u s e   o f   E q u a t i o n  9 are g i v e n   i n  column 

s ix  o f   Tab le  2. The   accumula ted   vo lume  losses   ca lcu la ted   wi th   use   o f  

Equa t ion   10  are g i v e n   i n  column  seven. 

Both   the  rate of   vo lume  loss   and   the   accumula ted   vo lume  loss   found 

from  Equat ion 7 wi th   use   o f   the   computer   p rogram are shown i n   F i g u r e  11 

a long   w i th   t he   expe r imen ta l   da t a   po in t s .   Because   t he   ca l cu la t ed  rate 

of volume l o s s  is a n   a v e r a g e   v a l u e   f o r   a n   i n t e r v a l   o f  impacts, An, t h e  

c a l c u l a t e d   v a l u e s  of  rate of volume l o s s  are p l o t t e d  a t  t h e   m i d p o i n t s  

of t h e   i n t e r v a l s .   E x p r e s s e d   i n  time, t h e   i - n t e r v a l   l e n g t h s  are from 

6 t o   1 5 5  sec. It can   be   s een   f rom  F igu re  11 t h a t   t h e   t h e o r e t i c a l   v o l u m e  

l o s s   b a c k - c a l c u l a t e d   f r o m   t h e   t h e o r e t i c a l  rate of   vo lume  loss  i s  i n  good 

a g r e e m e n t   w i t h   t h e   e x p e r i m e n t a l   d a t a   p o i n t s  up t o  7 x l o 5  i m p a c t s ;   f o r  

l a r g e r  n u m b e r s   o f   i m p a c t s   s u s t a i n e d ,   t h e   c a l c u l a t e d   c u r v e   f a l l s   b e l o w  

t h e   d a t a   p o i n t s .   T h i s   a p p e a r s   t o   b e   t h e   r e s u l t   o f   t h e   f a c t   t h a t   t h e  

e r o d e d   f r a g m e n t   s i z e  i s  inc reas ing   (See   Sec t ion   I I .E .2 .b )   whereas   t he  

t h e o r e t i c a l   c u r v e s   h a v e   b e e n   c a l c u l a t e d   f o r   e r o d e d   f r a g m e n t s   o f   e q u a l  

s i z e .  Use of   Equat ion  7 t o   c a l c u l a t e   t h e   a c c u m u l a t e d   v o l u m e   l o s s   c u r v e  

f o r   f r a g m e n t s   o f   i n c r e a s i n g   s i z e  is d i s c u s s e d   i n   S e c t i o n  I V .  

C. Test of   the   Equat ions   wi th   Exper imenta l   Drop-Impact  Volume-Loss Data 
f o r   N i c k e l  

By i n s p e c t i o n   o f   t h e   e x p e r i m e n t a l   d a t a ,   t h e   f i r s t   s h a r p  rise i n  

a c c u m u l a t e d   v o l u m e   l o s s   f o r   n i c k e l  was t a k e n   t o   o c c u r  a t  n = 30,000 

impacts .  From Equat ion  R 3 ,  t h e   v a l u e   o f  No i s  99.9941  and  from  Equation 

R2 t h e   p r o b a b i l i t y ,   p ,  of a h i t   a g a i n s t   t h e   t y p i c a l   c e l l  is 0.00333314. 

0 
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The coun t ing   ru l e ,  N i ,  w a s  expec ted   t o   pas s   t h rough   t he   va lues  N 1  = 

198.9882  and N2 = 399.9764 as t h e   a n g l e  a t  which  the  drops  impinge  changes 

from  normal   incidence  to  30 degrees.  From inspec t ion   o f   t he   expe r imen ta l  

d a t a ,  i t  w a s  concluded   tha t   an   angle   o f   a t tack  smaller than  30 degrees  

was reached.  Because N1 = 2N0 and N2 = 4N0, the   va lue   o f  N 3  was taken 

t o   b e  8N0 o r  799.9528. 

From Equation 1 6  and  the  value  of   99.9941  for  No, the   d iameter ,   d ,  

of  an  eroded  nickel  fragment w a s  found  to  be  100  microns.   This i s  roughly 

doub le   t he   ave rage   g ra in   s i ze  of t h e   n i c k e l  metal used  which w a s  found  to 

be  53  microns  with  use  of  the Heyn intercept   method.  The volume  of a 

te t rahedra l   f ragment  is 0.11785 times the  cube  of  the  edge  length.  The 

ca l cu la t ed   va lue   o f  a t e t r ahedra l   f r agmen t   fo r   n i cke l  is 1.1785 x lo" cm3. 
The average volume  of  an  eroded  nickel  fragment was t a k e n   t o   b e  1.49 times 

t h e   t e t r a h e d r a l  volume o r  1.755965 x lom7 cm3 because   th i s   f ragment  volume 

w a s  r e q u i r e d   i n   o r d e r   t o   b r i n g   t h e   f i r s t   k n e e   o f   t h e   t h e o r e t i c a l  volume 

loss   curve   in to   agreement   wi th   the   f i r s t   knee   formed  by   the   exper imenta l  

da t a   po in t s .  

Both t h e  rate of  volume l o s s  and the  accumulated volume loss   found 

for   n icke l   wi th   use   o f   the   computer   p rogram  for   Equat ion  7 are shown i n  

Figure  12  a long  with  the  experimental   data   points .  It can  be  seen from 

F i g u r e   1 2   t h a t   t h e   t h e o r e t i c a l  volume los s   backca lcu la t ed  from the  theo-  

re t ical  rate of  volume loss i s  i n   r e l a t i v e l y  good  agreement  with  the ex- 

pe r imen ta l   da t a   po in t s .  The c l u s t e r   o f   d a t a   p o i n t s   n e a r   t h e   o r i g i n   o f  

t h i s   p l o t   s u g g e s t s   t h a t   t h e   f i r s t   s h a r p  rise i n  accumulated  volume l o s s  

for   nickel   should  perhaps  have  been  taken  to   occur  a t  less than  10,000 

impacts.  This  would make t h e  m a x i m u m  rate o f   vo lume   l o s s   fo r   n i cke l  

l a r g e r  by   near ly  a f a c t o r   o f  two. However, such a choice  would  resul t  

i n  a value  of  No which i s  not  compatible  with  the  remaining  numbers  of 

the   count ing   ru le .  

D. Test of   the  Equat ions  with  Experimental  Drop-Impact Volume-Loss Data 
f o r  Tantalum 

By inspec t ion   o f   t he   expe r imen ta l   da t a ,   t he   f i r s t   sha rp  rise i n  

accumulated  volume  loss  for  tantalum w a s  t aken   to   occur  a t  about  no = 

120,000  impacts. On the   bas i s   o f   th i s   va lue   o f   no ,   the   va lue  of t h e  

f i r s t  number of   the   count ing   ru le ,  No, was found t o   b e  24.9986  and t h e  
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probab i l i t y ,   p ,   o f  a h i t   a g a i n s t   t h e   t y p i c a l  cell  w a s  found t o   b e  

0.000208321. The coun t ing   ru l e ,  Ni, w a s  expec ted   to   pass   th rough N1 = 

49.9970  and N2 = 99.9940 as the   ang le  a t  which  the  drops  impinged  changed 

from  normal  incidence  to 30 degrees.  

The diameter,   d,   of  an  eroded  fragment was found t o   b e  24.9986 

microns.  This is about 1 /5  o f   t he   ave rage   g ra in   s i ze   wh ich  w a s  found 

to   be   126   microns   wi th   use   o f   the  Heyn i n t e r c e p t  method.  The c a l c u l a t e d  

volume  of a te t rahedra l   f ragment   o f   t an ta lum w a s  found t o   b e  1.841097  x 

lo-’ em3. It was found  necessary  to  take  the  average  volume  of an eroded 

tantalum  fragment  to  be  1.07 times t h e   t e t r a h e d r a l  volume o r  1.969974  x 

10”’ cm3 i n   o r d e r   t o   b r i n g   t h e   f i r s t  knee   o f   the   theore t ica l  volume loss 

cu rve   i n to   ag reemen t   w i th   t he   f i r s t   knee  formed  by the   exper imenta l   da ta  

po in t s .  

The rate of  volume loss and the  accumulated  volume loss found f o r  

tantalum  with  use  of   the   computer   program  for   Equat ion  7  are shown i n  

F igure  13 a long   wi th   the   exper imenta l   da ta   po in ts .  From F igure   13  i t  

can  be  seen  that   the   agreement   between  the  theoret ical  volume l o s s  back- 

c a l c u l a t e d  from t h e   t h e o r e t i c a l  rate of  volume lo s s  i s  i n   r e a s o n a b l y  

good  agreement   wi th   the   exper imenta l   da ta   po in ts .   In   the   l igh t   o f  re- 

s u l t s   r e p o r t e d   i n   S e c t i o n  IVY the   re la t ive ly   poor   agreement   f rom  about  

4  x 10  t o  8 x 10 impac t s   appea r s   t o   be   due   t o   an   i nc rease   i n   t he  volume 

of an  eroded  fragment. 

5 5 

E. Test of  the  Equations  with  Experimental  Drop-Impact Volume-Loss Data 
f o r   Z i n c  

The f i r s t   s h a r p  rise i n  accumulated  volume loss f o r   z i n c  w a s  taken 

to   be   no  = 10,000 impacts. On t h e   b a s i s   o f   t h i s   c h o i c e ,   t h e   f i r s t  number 

of   the   count ing   ru le ,  No, is  300, and  the  probabi l i ty ,   p ,   of  a h i t   a g a i n s t  

t h e   t y p i c a l  c e l l  is  0.0300018.  The diameter  of  an  eroded  zinc  fragment is  

300 microns. The a v e r a g e   g r a i n   s i z e   o f   t h e   z i n c  metal used f o r   t h e  test  

specimen was found t o   b e   j u s t  300 microns. From t h i s  i t  a p p e a r s   t h a t   t h e  

z i n c   e r o d e d   i n   u n i t s   o f   e n t i r e   g r a i n s .  

Inspec t ion   of   the   s tep   s t ruc ture   o f   the   exper imenta l   accumula ted  

volume loss d a t a   f o r   z i n c   i n d i c a t e s   t h a t   t h e r e  was no  change i n   t h e   a n g l e  

o f   a t t ack   o f   t he   imp ing ing   d rops ,   t ha t  is, No = N1 = N2 ... = 300. There 

i s  no   obvious   answer   for   the   fac t   tha t   z inc  is  d i f f e r e n t  f rom  the  other  
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metals i n   t h i s   r e s p e c t .  However, t he   z inc   rod  w a s  formed  by e x t r u s i o n  

and  an X-ray s tudy  of   the metal showed t h a t  i t  possessed some o r i e n t a t i o n ;  

the  hexagons  of  the l a t t i ce  s t r u c t u r e  would b e   s e e n   i f   t h e   r o d  were viewed 

end  on. The a x i s   o f   t h e  test specimen  coincided  with  the axis of   the  rod 

s tock .  The f a c t   t h a t  whole  grains  were broken  out   of   the   hexagonal  

s t r u c t u r e   t h a t  would b e   s e e n   i f  a test  specimen were viewed  end  on may 

a c c o u n t   f o r   t h e   f a c t   t h a t   t h e r e  was no  change i n   t h e   a n g l e   o f   a t t a c k   o f  

the  impinging  drops.  

The r a t e   o f  volume loss and  the  accumulated  volume l o s s  found  €or 

zinc  with  use  of  the  computer  program  for  Equation 5 a r e  shown i n   F i g u r e  

1 4  a long   wi th   the   exper imenta l   da ta   po in ts .  From Figure  1 4  i t  can  be 

seen   tha t   the   agreement   be tween  the   theore t ica l   curve   and   the   exper i -  

men ta l   da t a  i s  good o n l y   f o r   t h e   i n i t i a l   s e c t i o n  of t h e   p l o t .   I n   t h e  

l i g h t  of r e s u l t s   r e p o r t e d   i n   S e c t i o n  I V  the  poor  agreement  found  for 

numbers  of  impacts  greater  than 20,000 appears   to   be  caused by a very  

marked i n c r e a s e   i n   t h e   s i z e   o f   t h e   e r o d e d   f r a g m e n t s .  

F. Test  of the  Equat ions  with  Experimental  Drop-Impact Volume-Loss Data 
f o r  Aged Udimet 700 Alloy 

Udimet 700 is  a h igh-s t rength   a l loy .   Fa i lure   o f   such  a m a t e r i a l  

can  be  expected  to  s ta r t  a t  weak points   (See  Sect ion 1 I . A  and  Figure 1). 

The s t a t i s t i ca l  model  of e ros ion  rate i n  i t s  p resen t  form supposes   that ,  

a t  t h e  start of a tes t  run, a l l  o f   t h e   a - c e l l s   i n   t h e   o r i g i n a l   s u r f a c e  

are e q u i v a l e n t .   I n   o r d e r   t o  treat  h igh-s t rength  materials success fu l ly ,  

i t  w i l l  be   necessa ry   t o  restrict t h e  number  of cel ls  t h a t  are s u b j e c t   t o  

c rack   format ion   as   the   resu l t   o f  a drop  impact. An a t tempt  was  made t o  

apply  the  present   form  of   the s t a t i s t i ca l  model t o  aged Udimet 700 a l l o y ;  

t h e   o b s t a c l e s   t h a t  were encountered  are   descr ibed  below.  

Because  of  the  exceptionally  long tes t  times t h a t  were r e q u i r e d   t o  

erode Udimet 700 a l l o y ,  i t  was n e c e s s a r y   t o   c o l l e c t   a l l  of t h e  volume- 

l o s s  d a t a  on one tes t  spec imen.   This   in t roduced   rese t   e r rors   in   the  

impingement  area, A, as a consequence  of  removing  and  replacing  the test 

specimen af te r   each   increment   o f  tes t  in   o rde r   t o   de t e rmine   t he   we igh t  

loss. The reset e r ro r   can   on ly   be   an   i nc rease   i n   t he  impingement a rea ,  A. 

I n   c a l c u l a t i n g   t h e   p r o b a b i l i t y   o f  a h i t ,   p ,   t h e   f i r s t  number of the  count- 

i n g   r u l e ,  No,  and the   a r ea   o f  a mic roce l l ,   t he  impingement area was a rb i -  

t r a r i l y  assumed to   have  increased  f rom 0.0235606 cm2 t o  0.0352991 cm2; 
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t h i s  is  e s s e n t i a l l y  a 50 pe rcen t   i nc rease .  Such an i n c r e a s e   i n   t h e  im-  

pingement area has  only a small e f f e c t  on the   l ocus   o f   t he   t heo re t i ca l  

curves.   This is  shown i n   S e c t i o n  V. 

The experimental   volume-loss   data   for  Udimet 700 aged  do  not show 

t h e  marked s t e p   s t r u c t u r e   t h a t  i s  a p p a r e n t   i n   t h e   e x p e r i m e n t a l  volume- 

l o s s   d a t a   f o r   i r o n ,   n i c k e l ,   a n d   z i n c .   N e v e r t h e l e s s ,  some s t r u c t u r e  

e x i s t s ;   t h i s   c a n   b e   s e e n  by inspec t ion   of   the   aged  Udimet 700 volume- 

l o s s   d a t a  shown i n   F i g u r e  15. From Figure  15 it can   be   s een   t ha t   t he re  

are s e c t i o n s   o f   t h e   p l o t   t h a t   c a n   b e   f i t  by s t r a i g h t   l i n e s  and t h a t   t h e s e  

l i nes   g radua l ly   change   i n   s lope .  

From inspec t ion   o f   t he   expe r imen ta l   da t a   p lo t t ed   i n   F igu re   15 ,   t he  

f i r s t   s h a r p  rise i n  accumulated  volume  loss was t aken   t o   occu r  a t  

no = 2.2 x 10  impacts. On the   bas i s   o f   t h i s   va lue   o f   no ,   t he   p roba -  

b i l i t y   o f  a h i t   a g a i n s t   t h e   t y p i c a l  ce l l  was found t o   b e  p = 0.0000011236 

and  the first number o f   t he   coun t ing   ru l e ,  No, was found t o   b e  2.2472. 

6 

"""" 
The f a c t   t h a t   t h e  first number o f   t he   coun t ing   ru l e  is  less than 

th ree   p re sen t s  an anomaly because a minimum of  three  impacts   has   been 

accepted as necessary   to   c i rcumscr ibe  a p iece   o f   the   so l id   which   then  

breaks away as an  eroded  fragment. A number less t h a n   t h r e e   f o r  No can 

on ly   be   j u s t i f i ed   by   accep t ing  i t  as a s ta t i s t ica l  average  and  by  assuming 

tha t   r e s idua l   c r ack   ends   con t r ibu te   t o   t he   r emova l   o f  new fragments.  

The diameter  of  an  eroded  aged Udimet 700 fragment w a s  found t o   b e  

2.2472 microns.  This i s  about 1 / 7 0  of   the   average   g ra in   s ize   o f   the   aged  

Udimet 700 metal used f o r   t h e  test spec imen;   the   average   g ra in   s ize  was 

found  to  be  160  microns  with  use  of  the Heyn i n t e r c e p t  method. 

The r a t e   o f  volume l o s s  and  the  accumulated  volume  loss  found  for 

aged  Udimet 700 with  use  of  the  computer  program  for  Equation 7 are 

p l o t t e d   a g a i n s t  number o f   impac t s   sus t a ined   i n   F igu re   16   a long   w i th   t he  

exper imenta l   da ta   po in ts .  From t h i s   p l o t  i t  can   be   seen   tha t   the   theo-  

r e t i c a l  rate curve is  q u i t e   d i f f e r e n t  from tha t   found   fo r   t he   o the r  metals 

and that  the  accumulated-volume-loss  curve is i n  agreement  with  the ex- 

pe r imen ta l   da t a   on ly   ove r   t he   r ange  from 2 x l o 6  t o  5 x l o 6  impacts.  

Better agreement i s  found when the  change i n  volume  of  eroded  fragments 

i s  taken   in to   account   ( see   Sec t ion  IV) bu t   t he   ca l cu la t ed   va lues  of t he  

p r o b a b i l i t y ,  p ,  and  of t h e   f i r s t   n m b e r   o f   t h e   c o u n t i n g   r u l e ,  No, f o r  
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Udimet 700 aged  suggest  that  this  metal  is  at  or  beyond  the  limits of 

valid  use  of  the  cellular  model of erosion  rate  in  its  present  state of 

development. 

G. Features  of  Rate  Curves 

As  far  as  drop-impact  erosion is  concerned,  solids  may  be  classified 

as  Class A materials  or  Class  B  materials (see  Section 1I.A) depending  on 
whether  or  not  they  fail as the  result of the  radial  tensile  stresses  that 

are  imposed  by  each  drop  impact  that  occurs  under  an  arbitrary  set of 

erosive  conditions  (relative  impact  velocity,  drop  size,  and  density of 

drop liquid). The  first  approach to a  cellular  model  of  erosion  rate, 

which  has  been  described  in  the  preceding  sections of this  report,  is 

directed  to  Class  A  solids,  that  is,  to  solids  that  fail  under  the  tensile 

stresses  imposed  by  each  drop  impact. 

- 

Because  of  the  geometry  of  fracture  (see  Section II.B), the  erosion 

of a  Class  A  solid  will  be  characterized  by  the  removal  of  layers  of 

material. The  erosion-rate  feature  associated  with  the  removal of a 

layer  of  material  from  a  solid  under  drop-impact  test  is  a  pulse in  which 

the  erosion  rate  increases  to  a  maximum  value  and  then  decays  to  zero. 

The  calculated  rate  curves  for  iron,  nickel,  and  zinc  found  with  use of 

Equation 7 consist  of  a  series  of  such  pulses;  these  pulses  correspond 

to  the  removal  of  layers  of  material  from  the  test  specimens.  The  ex- 

perimental  volume-loss  data  are in  agreement  with  the  calculated  rate 

curves  because  iron,  nickel,  and  zinc  are  Class  A  solids  with  respect  to 

the  erosive  conditions  that  were  imposed  in  collecting  the  experimental 

volume-loss  data. 

The  statistical  model  has  not  yet  been  developed  to  include  Class B 
solids  which  do  not  fail  under  the  radial  tensile  stresses  imposed by 

each  drop-impact;  Class  B  solids  fail  only  at  weak  spots  after  a  large 

number of impacts  has  been  sustained  (see  Section 1I.A). It  seems  reason- 

able  to  expect  that  the  calculated  erosion-rate  curves  of  Class  B  solids 

will= consist of a  series of pulses. This  expectation  is  based on the 

reasoning  that  Class B solids  will  only  fail  after  a  large  number  of 
impacts  has  been  sustained  and  that  the  probability  distribution  for  a 

hit  in  a  a-cell  will  spread  out  as  the  number of impacts  delivered  is 

increased  (see  Section 1I.E.l.c). It  is  inadvisable  to  say  more  about 

the form that  the  calculated  rate  curves of Class  B  solids  may  have  until 

the  statistical  model  has  been  developed  to  include  materials  of  this  class. 
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An a t t e m p t   t o  make a p a r t i a l  test of   the   equat ions   wi th   exper imenta l  

volume-loss   data   for  Udimet 700 a l l o y  (see F i n   t h i s   S e c t i o n )   h a s   p r o v i d e d  

ev idence   wh ich   sugges t s   t ha t   t h i s   a l l oy  is  o u t s i d e   t h e  limits of  applica- 

b i l i t y  of   the s t a t i s t i ca l  model i n  i t s  p resen t  state of  development.  The 

very  high  s t rength  of  Udimet 700 a l l o y   i n  comparison  with  the  s t rengths  

o f   i ron ,   n i cke l ,   and   z inc   s t rong ly   sugges t s   t ha t  Udimet 700 a l l o y  is  a 

Class B s o l i d   w i t h   r e s p e c t   t o   t h e   e r o s i v e   c o n d i t i o n s   t h a t  were used. 

It is  impor t an t   t o   r ecogn ize   t ha t   whe the r  a s o l i d  i s  i n  Class A o r  

i n   C l a s s  B depends  both  on i t s  c h a r a c t e r i s t i c   s t r e n g t h   p r o p e r t i e s   a n d / o r  

a b i l i t y   t o   a c c e p t   e n e r g y   e l a s t i c a l l y  and on t h e   s e v e r i t y   o f   t h e   e r o s i v e  

c o n d i t i o n s   t h a t  are used i n   t e s t i n g  it. A s  i n  a l l  a t t e m p t s   t o   s e p a r a t e  

classes, t h e r e  w i l l  i n e v i t a b l y   b e   a n   i n t e r m e d i a t e   o r   t r a n s i t i o n  class. 

The fea tures   o f   the   e ros ion- ra te   curve   o f  a g i v e n   s o l i d  w i l l  b e   d i f f e r e n t  

depending  upon  whether i t  is  Class A, T r a n s i t i o n   C l a s s ,   o r  Class B wi th  

r e spec t   t o   t he   s eve r i ty   o f   t he   e ros ive   cond i t ions   t o   wh ich  i t  is  subjec ted .  

The e ros ion- ra te   curve   found  for   t an ta lum  ( see  D i n   t h i s   S e c t i o n )   s u g g e s t s  

t h a t   t a n t a l u m  may r e a l l y   b e   i n   t h e   T r a n s i t i o n  Class w i t h   r e s p e c t   t o   t h e  

e r o s i v e   c o n d i t i o n s   t h a t  were used   because   t he   pu l se s   i n   t he  rate of 

volume l o s s  do not   d rop   to   zero  as they  do i n   t h e   c a s e  o f   i ron ,   n i cke l ,  

and  zinc. 

H. Cor re l a t ion  Between Quan t i t i e s  No and p and  Physical   Propert ies   of  
Metals 

From t h e  time of   the earliest invest igat ions  of   drop-impact  and 

c a v i t a t i o n   e r o s i o n  i t  has   been   found   t ha t   e ros ion   r e s i s t ance   co r re l a t e s  

i n   g e n e r a l   w i t h   t h e   t e n s i l e   s t r e n g t h  and  hardness of t he  metal tested.  

This   sugges ts   tha t   cor re la t ion   should   be   sought   be tween  quant i t ies   tha t  

appear   in   Equat ion  7 and t h e   t e n s i l e   s t r e n g t h  and  hardness  of  the selected 

metals. The p robab i l i t y   o f  a h i t ,   p ,  a n d   t h e   f i r s t  number of   the  count ing 

r u l e ,  No, which w e r e  found   fo r   t he   s e l ec t ed  metals wi th   r ecour se   t o   t he  

experimental   volume-loss  data are l i s t e d   i n   T a b l e  3 a long   wi th   the  0.2 

p e r c e n t   o f f s e t   y i e l d   s t r e n g t h ,   t h e   u l t i m a t e   t e n s i l e   s t r e n g t h ,   a n d   t h e  

Knoop microhardness number o f   t h e   p a r t i c u l a r   h e a t  and  heat-treatment 

s t a t e  of   each  selected metal. (14) 

It can  be  seen by i n s p e c t i o n   o f   t h e   t a b u l a t e d   d a t a   t h a t   i n v e r s e  

t rends   ex is t   be tween   the   va lue   o f   the   p robabi l i ty ,   p ,   and   bo th   the  0.2 
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TABLE 3 

A. QUANTITIES  THAT  APPEAR IN E& (5) AND PHYSICAL  PROPERTIES  OF THE SELECTED MEI!ALS 

-__ 

Metal 

Zinc 

Nickel 

Iron 

Tantalum 

U-700  Ag. 

___. - 

Probability,  p 

"" 

0.0300018 

0.00333313 

0.00043135 

0.000208321 

0.0000011236 

NO 

impacts 

300 

100 

32 

25 

2.2 

0.2% Offset 
Yield  Strength 

d  yn/cm 2 

a 

a 

a 

4.5 x 10 

6.3 x 10 

14.8  x 10 

a 15.7 x 10 

8 

8 

8 

8 

a 89.7 x 10 8 

___ ~ ". 

Ultimate 
Tensile  Strength 
~~- 

2 
dyn/cm 

a 1.07 x 10 9 

a 3.54 x 10 9 

a 2.76 x 10 

a 2.40 x  10 

a 13.8 x 10 

9 

9 

9 
~~ 

B. OTHER  EROSION-RATE  QUANTITIES AM) STEEL-SPHERE  DENTING  VELOCITY 

Metal 

Zinc 

Nickel 

Iron 

Tantalum 

U-700  Ag. 

Maximum  Rate Impacts  to 
Volume Loss Reach  Maximum 

Rate  Vol. Loss 

cm  /impact 

38.8 x lo-' 

9.6 x 10 

1.8 x 10 

0.86 x 10 

0.061 x lo-' 

-8 

-8 

-8 

,000 10 

30 1,000 

91,000 

120,000 

2,100,000 

~~ 

Eroded 
Fragment 
Volume 

~ 

3 cm 
~ 

366 x lo-' 

17.6 x 10 

0.58 x 10 

0.20 x 

0.035 x lo-' 

-8 

-8 

b Average 
Grain 
Size 

micron 
- 

300 

53 

63 

126 

160 

moop 
Nicrohardness No, 

- "  
a 

a 
32 

57 

a 72 

a 104 

a 375 

Steel  Sphere 
Denting 
Velocity 

cm/sec 

a 15.8 
a 11.2 

a 35.3 
a 38.6 

a 64.2 

a Values  measured for the  specific  heat  and  heat-treatment  state  of  the  selected 
metals.  See  Reference 14. 

Values  found for average grain size  with use of the  Heyn  intercept  method. 
b 
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p e r c e n t   o f f s e t   y i e l d   s t r e n g t h  and Knoop microhardness number; a cor res -  

pond ing   t r end   does   no t   ex i s t   t h rough   t he   va lues   o f   u l t ima te   t ens i l e  

s t r eng th .  A p lo t   o f   nega t ive   l og  p a g a i n s t  0.2 p e r c e n t   o f f s e t   y i e l d  

s t r e n g t h  is  g i v e n   i n   F i g u r e   1 7 .   I n   d r a w i n g   t h e   l i n e   s h o w n - i n   t h i s  

f i g u r e ,   c o r r e l a t i o n  was sough t   p r inc ipa l ly   fo r   i ron ,   n i cke l ,   and   z inc ,  

which are Class A metals w i t h   r e s p e c t   t o   t h e   e r o s i v e   c o n d i t i o n s   t h a t  

were used. From Figure  17 i t  can  be  seen  that   tantalum,  which may be  

a Transi t ion-Class  metal wi th   r e spec t   t o   t he   e ros ive   cond i t ions   u sed ,  

a l s o   f i t s  on t h e   l i n e .  Udimet  700 al loy,   which is  a Class B metal wi th  

r e spec t   t o   t he   e ros ive   cond i t ions   u sed ,   does   no t   f i t  on t h e   l i n e .  

An i n v e r s e   t r e n d   e x i s t s   b e t w e e n   t h e   f i r s t  number  of the   count ing  

r u l e ,  No, and  both  the 0.2 p e r c e n t   o f f s e t   y i e l d   s t r e n g t h  and Knoop 

microhardness number. P lo t s   o f   l og  No a g a i n s t  0.2 p e r c e n t   o f f s e t   y i e l d  

s t r e n g t h  and Knoop microhardness number are shown i n   F i g u r e s  18 and 1 9 ,  

r e spec t ive ly .   Cor re l a t ion  was s o u g h t   p r i n c i p a l l y   f o r   i r o n ,   n i c k e l ,  and 

zinc;  the  difference  between  tantalum  and  the  purely  Class A metals 

i ron ,   n icke l ,   and   z inc  shows up i n   F i g u r e   1 9 .  Udimet 700 al loy,   which 

is a Class B metal w i t h   r e s p e c t   t o   t h e   e r o s i v e   c o n d i t i o n s   u s e d ,  shows 

no c o r r e l a t i o n   w i t h   t h e   o t h e r   m e t a l s   i n   e i t h e r   p l o t .  

From Table 3B i t  can   be   s een   t ha t   an   i nve r se   t r end   ex i s t s   be tween  

both   the  maximum rate of  volume l o s s  and the  eroded  fragment volume  and 

t h e   y i e l d   s t r e n g t h   o f   t h e  metals. On the   o ther   hand ,   the  number of  

impacts   requi red   to   reach   the  maximum rate of volume l o s s   v a r i e s   d i r e c t l y  

w i t h   t h e   y i e l d   s t r e n g t h  of t h e  metals. 

I. Experimental   Confirmation  of   the Number of  Fragments i n   a n  Eroded 
Layer 

An e f f o r t  was  made to   ob ta in   exper imenta l   conf i rmat ion   of   the   in tu i -  

t i v e  argument tha t   an   e roded   layer   o f  material con ta ins  n n '  fragments by 

c a l c u l a t i n g   t h e  volume of m a t e r i a l   l o s t  when t h e  tes t  specimen was 

punctured by e r o s i o n   o r  was near   the   po in t   o f   puncture .  The numbers  of 

impac t s   fo r   wh ich   t h i s  volume l o s s  was ca l cu la t ed   fo r   each  metal a r e  

g i v e n   i n  column two of Table 4 .  The  computer pr in t -out   o f   l ayers  re- 

moved, which is  designated as 2, i s  g iven   for   each   of   the  metals i n  

column three.   Values  of  the  product on '  f o r   t h e   m e t a l s   a r e   g i v e n   i n  

column fou r  and t h e  numbers  of  fragments  removed,  taken t o   b e   t h e  
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m 
0 

Metal 

Tantalum 

Nickel 

Iron 

Z i n c  

TABLE 4 

CALCULATED VOLUME OF W A L  REMOVED FROM A TEST  SPECIMEN BY LIQUID DROP  IMPINGEMENT 

Impacts, 
n 

15 x 10 
5 

4.4 x 10 
5 

10 x 10 5 

0 .4  x 10 5 

Layers 
Removed, Z 

4.76766 

3.19425 

3.28918 

3,50484 

rlrl' 

261209. 

4081.41 

124532 

151.137 

Fragments 
Removed, r l ~  ' Z 

1245355. 

13037.1 

409609. 

529.711 

Volume per 
Fragment, cc 

1.96997 x lo-' 

1.75596 x 

5.79255 x lo-' 

3.65924 x los6 

Volume of Metal 
Removed, cc 

0.002453 

0.002289 

0.002373 

0.001938 

Impacts Actually 
Sustained by the 

Test Specimen 

15.5 x 10 
Hole Formed 

5 

4.36 x 10 5 

9.69 x 10 5 

0.415 x 10 5 

Hole Formed 



product  nrl 'Z,  are g i v e n   i n  column f i v e .  The i n i t i a l  volume  of  an  eroded 

f ragment   for   each   of   the  metals as found by t r ia l  (see Sec t ion  B through 

F) is g i v e n   i n  column s i x  and  the volume  of metal removed, taken   to   be  

the   p roduct   o f   the  number of  fragments removed mul t ip l ied   by   the  volume 

of a fragment, i s  g i v e n   i n  column  seven. The a c t u a l  number of  impacts 

sus t a ined  by a test specimen  of  each  of  the  metals is g i v e n   i n  column 

e i g h t ;   f o r  two of   the metals ( tantalum  and  z inc)   erosion  progressed 

through  the  thickness  of  the  specimen. 

The th ickness   o f   the  test specimens, as determined by a measurement 

on  one  specimen  only, was 0.33 cm. The area over  which  impingement 

occurred w a s  c a l c u l a t e d   t o   b e  0.02356 cm2 on the   bas i s   o f   t he   obse rva t ion  

tha t   the   impinging   drops   s t ruck   over   an  area the  radius   of   which was 

roughly  equal   to   the  drop  diameter .  The  volume of   the   cy l inder   o f   meta l  

t h a t  would  have  been l o s t  had t h i s  area been moved through  the  thickness  

of   the tes t  specimen is 0.00778 c m  . It can   be   seen   tha t   the   ca lcu la ted  3 

volume  of metal removed g i v e n   i n  column seven  of  Table 4 is equa l   t o  

about 30 percent  of t h e   q u a n t i t y  0.00778 cm , which is t h e   t o t a l   p o s s i b l e  

volume  of  metal  that  could  have  been  removed. 

3 

On one   hand ,   the   to ta l   poss ib le  volume  of  metal  that  could  be 

removed,  assessed as 0.00778 cm on t h e  basis of  removing a cy l inde r  of 

meta l   wi th  a base  area equa l   t o   t he  impingement a r e a  and a he ight   equa l  

to   the   th ickness   o f   the  tes t  specimen, is  too   h igh   because   e ros ion  

craters have  rounded  bottoms  (see  Figure 20) . On the   o ther   hand ,   the  

c a l c u l a t e d  volume  of metal removed i s  too low because  the volume  of 

eroded  f ragments   increases  as tests progress .  It i s  cons idered   tha t   the  

extent  of  agreement  found is  s u f f i c i e n t l y  good to   confirm  the  use  of  

product  qn' as a   mu l t ip ly ing   f ac to r   t o   ob ta in   f r agmen t s  removed  from 

l a y e r s  removed. 

3 

61 



I I 
I I 
I I 
I 
I 
i I I 

A 

Hole  through a p la te   formed  by   removal  
of a c y l i n d e r  of t h e   p l a t e  metal 

B 

Hole  through a p l a t e   f o r m e d  by t h e  
growth of a n   e r o s i o n  crater 

F i g u r e  20. E v i d e n c e   t o  Show t h a t   t h e  Volume of Metal Removed by   t he  Growth 
of an   Eros ion  Crater is Less Than  That Removed by  Moving t h e  Area 
of t h e  Mouth of t h e  Crater Through  the   Thickness  of t h e  Test 
Specimen. 
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I V .  &CC-W&TED V O L E  LOSS FOUND W I T H  FRAGMENTS  OF CHANGING SIZE 

The concept   of   layers   of   f ragments   of   constant  volume given as 

i n t e g r a l   m u l t i p l e s   o f  nn' i n   E q u a t i o n  7 ,  can  be  expanded  to   associate  

t h e   f i r s t   l a y e r  of eroded  fragments  with a volume 

eroded  fragments  with a volume v1 + v2, and t h r e e  

fragments   with a volume v + v + v I n  view of 

7 becomes 
1 2 3' 

No + N1 - 1 

L(x,n) = v 1 P(x,n> + (vl + v2> 

x = N  
0 

vl, two l aye r s   o f  

layers  of  eroded 

these  changes,   Equation 

x = No + N1 

1 N + N  + N  + N g -  

+ (v + v2 + v3> 1 P(x,n) + . .. (18) 

x = N  + N 1 + N 2  
0 

where  L(x,n) i s  now the  accumulated  volume loss found d i r e c t l y   f o r  a 

given number of  impacts,  n.  For t h e   c a s e   t h a t  v1 = v2 - - v3,  Equation  18 

i s  as w e l l  founded as Equation 7. It has  the  advantage  that   accumulated 

volume lo s s  is  p r i n t e d   o u t   d i r e c t l y  by  the  computer  program; i t  has   the  

d i sadvan tage   t ha t   e ros ion  rate i s  not   ob ta ined  as an  intermediate  s t e p  

in   t he   ca l cu la t ion   o f   accumula t ed  volume l o s s .  

For   the case t h a t  v1 P v2 # v3,  Equation 18 i s  n o t   a s  w e l l  founded 

as   Equat ion 7. I f   t h e   e q u a l i t y  between ce l l  s i z e  and  fragment s i z e  is 

maintained  and  both  the ce l l  s i z e  and  fragment s i z e  are a l lowed  to   in -  

c r ease   (o r  decrease) dur ing  a c a l c u l a t i o n ,  a s t a t i s t i c a l  problem is 

encountered; a cor responding   change   in   the   p robabi l i ty   o f  a h i t  must  be 

made. On t h e   o t h e r   h a n d ,   i f   t h e  ce l l  s ize   and,   consequent ly ,   the   proba-  

b i l i t y   o f  a h i t  are maintained  constant   throughout  a c a l c u l a t i o n   b u t   t h e  

volume  of a fragment  or  of a layer   of   f ragments  is allowed  to  change, 

then  a physical  problem is  encoun te red ;   t he   r ad ius   o f   t he   c i r c l e   o f  
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f r a c t u r e  i s  fixed  because i t  is determined by the   d rop   s ize  and it  is  

no t   c l ea r  how a change i n  average  fragment s i z e  can  be  accountea  for 

(see  Figure 4 )  i f   t h e  fragment  dimensions  are  increased  (or  decreased) 

equal ly .   I f ,  however, i t  i s  assumed that  the  fragments  increase  (or 

decrease)   in  volume because  the  depth a t  which the   c r acks   i n t e r sec t   t o  

re lease a fragment becomes g rea t e r   (o r   l e s s ) ,  no problem i s  encountered. 

With recourse  to   this  argument, t h e   s t a t i s t i c a l  model  and the computer 

program i n   t h e   s t a t e  of  development i n  which they now e x i s t  can  be  used 

to  make ca lcu la t ions   in  which the volume of a fragment  changes. 

Equation  18 was used to   ca l cu la t e  accumulated-volume-loss  curves  of 

the  selected  metals   for   the  case  that   the  volume of a l aye r  of fragments 

changes.  For  each metal, the same probabi l i ty ,  p ,  of a h i t   a g a i n s t   t h e  

t y p i c a l   c e l l  and the same counting  rule,  Ni, were used as were used i n  

obtaining  the  calculated  curves  of  Section 111. The value of v w a s  

assessed  direct ly  from plots  of  experimental  volume loss   of   the  metals 

p lo t ted   aga ins t  number of  impacts  sustained. It was taken  to  be  the 

volume l o s s   r e a c h e d   a t   t h e   f i r s t  knee in   t hese   p lo t s .  Values of the 

succeeding  vi were also  assessed  approximately from inspection of the 

experimental  volume-loss  plots;  they were expressed  in terms of v1 f o r  

each of the metals. The direct   printout  of  the  accumulated volume l o s s  

f o r  each  of  the  f ive  selected metals w a s  p lo t ted   aga ins t   the  numbers of 

impacts  sustained. The plots   obtained  are  shown in   F igures  21, 22, 23, 

24 and 25. Comparison of  Figures 21-25 with  Figures 11-14 and  16 shows 

that  in  almost  every  case  the  correction  for  increasing  fragment s i z e  

is  a l l   t h a t  is needed to   es tab l i sh  good agreement  between the   theore t ica l  

curves and the  experimental  data. 

1 

The volume of t h e   f i r s t   l a y e r ,   v l ,  and the  nature  of the  percentage 

layer-volume  change for   the  selected  metals  is given  in  Table 5. It can 

b e  seen  that   in   the  case of  aged Udimet 700, and eventual ly   in   the  case 

of tantalum,  the change i n  layer volume is  a decrease. Because Udimet 

700 i s  a Class B metal and because  tantalum may be  Transition-Class  metal 

with  respect  to  the  erosive  conditions  that  were used,  th is   observat ion 

suggests  that  Class B metals may be characterized by a decrease  in  eroded 

fragment  size. The 0.2 percent   o f fse t   y ie ld   s t rength  and the  ult imate 

t ens i l e   s t r eng th  of  each  metal is also  given  in  Table 5. There  appears 

to   be no co r re l a t ion  between the 0.2 percent   o f fse t  y i e l d  s t rength and 

6 4  
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Metal 

Udimet  700 

Nicke l  

I r o n  

Tantalum 

Zinc 

TABLE 5 

LAYER VOLUME AND PERCENTAGE CHANGE I N  LAYER VOLUME 

Layer  Volume, v 1 

3 cm 

0.0020 

0.00072 

0,00072 

0,0005 

0,0006 

Percentage  Change 
i n  Layer Volume 

62.5%  Decrease 

10%  Increase  

20% I n c r e a s e  

100% I n c r e a s e   t h e n  20% 
Decrease 

50% I n c r e a s e  

0 .2%  Offse t  
Yie ld   S t rength  

p s i  

130,000 

9,000 

21,000 

23,000 

7 ,000  

U 1  t ima te  
T e n s i l e   S t r e n g t h  

p s i  

201,000 

51,000 

43,000 

35,000 

15,000 



t he   l aye r   vo lume ,  vl, o r   t he   pe rcen tage   change   i n   l aye r   vo lume .  However, 

t h e   u l t i m a t e   t e n s i l e   s t r e n g t h   a p p e a r s   t o   c o r r e l a t e   d i r e c t l y   w i t h   t h e  

l a y e r  volume, vl, a n d   i n v e r s e l y   w i t h   t h e   p e r c e n t a g e   c h a n g e   i n   l a y e r  

volume (see F i g u r e s  26  and  27). 

I n   F i g u r e s  26  and  27 t h e  v o l u m e   o f   t h e   f i r s t   l a y e r ,  v and   t he  1’ 
p e r c e n t a g e   c h a n g e   i n   l a y e r   v o l u m e   i n  terms of v are p l o t t e d ,   r e s p e c t i v e l y ,  

a g a i n s t   t h e   u l t i m a t e   t e n s i l e   s t r e n g t h .   C o r r e l a t i o n  was s o u g h t   p r i n c i p a l l y  

f o r   i r o n ,   n i c k e l ,   a n d   z i n c ,   w h i c h  are Class A metals w i t h   r e s p e c t   t o   t h e  

e r o s i v e   c o n d i t i o n s   t h a t  were used.  The s l i g h t   d i v e r g e n c e   o f   t a n t a l u m   a n d  

t h e   w i d e   d i v e r g e n c e  of Udimet  700 a l l o y  are e v i d e n t   i n   t h e s e   p l o t s .   T h e s e  

d i v e r g e n c e s   r e f l e c t   t h e   f a c t   t h a t  Udimet 700 is a Class B metal a n d   t h a t  

t an t a lum may b e  a T r a n s i t i o n - C l a s s  metal w i t h  respect t o   t h e   e r o s i v e  

c o n d i t i o n s   t h a t  were used. 

1 

71 



rf 

2 
20 

19 

18 

17 

16 

15 

14 

a 

4 
0 > 

5 10 

7 

6 

5 

4 

3 

2 

1 

Figure  26. Plot  of  Layer Volume Against   Ul t imate   Tensi le   Strength.  

72 



100 

90 

80 

70 

60 

w ar 10 
M 

a e 

6 0  

PI 
L 

-20 

-30 

-40 

-50 

-60 

-70 
10  20 30 40 50 60 70 80  90  100  110 120 130 140 150 160 170 180 190 200 

Ultimate  Tensile  Strength, k p s i  

I 

Figure 27. Plot of Change  in Layer Volume  Against  Ultimate  Tensile  Strength. 



V. EFFECT  OF A CHANGE I N  S I Z E  OF THE IMPINGEMENT AREA, A 

To what   extent  a change i n   s i z e  of impingement area, A, may affect  

the  locus  of  the  accumulated-volume-loss  curve is  an  important  consider- 

a t ion.   In   col lect ing  drop-impact   volume-loss   data ,  area A was assessed  

v i s u a l l y  by  watching  drops  impinge  and  comparing  the diameter o f   t he  

area over  which  impingement  occurred  with  the  diameter  of a drop. The 

va lue  of area A a s s e s s e d   i n   t h i s  way is  n o t  known wi th  a high  degree  of 

r e l i a b i l i t y .  I t  is ,  therefore ,   impor tan t   to  know to  what  extent  agree- 

ment  between  the  theoretical  accumulated-volume-loss  curve  and  the ex- 

pe r imen ta l   da t a  may be   a f f ec t ed  by a change i n   t h e   v a l u e  of area A. An 

addi t iona l   reason   for   de te rmining   the   impor tance   o f  a change i n   t h e  

va lue  of a r e a  A on  the  theoret ical   accumulated-volume-loss   curve is t h a t  

i n   c o l l e c t i o n  of c a v i t a t i o n   e r o s i o n   d a t a   w i t h   u s e   o f  a magne tos t r i c t ive  

device  the  eroded area t e n d s   t o   i n c r e a s e   i n   s i z e   d u r i n g  a test  run. 

The accumulated-volume-loss  curve f o r   i r o n  was ca lcu la ted   wi th   an  

approximately 50 percent   increase   and  50 pe rcen t   dec rease   i n   t he   s i ze   o f  

area A. The c a l c u l a t i o n  was car r ied   ou t   wi th   use   o f   Equat ion  18 of 

Sec t ion  I V .  The ca l cu la t ed   cu rves   a r e   p lo t t ed   a long   w i th   t he   expe r imen ta l  

accumulated-volume-loss  data  for  iron i n   F i g u r e  28.  The curve   for   an  

impingement a r e a  A e q u a l   t o  0,0235606 i n   F i g u r e  28 i s  t h e  same curve as 

tha t   g iven   fo r   i ron   i n   F igu re  21. 

Two conclusions  can  be drawn  on the   bas i s   o f   t he   cu rves  shown i n  

Figure 28.  The f i r s t   c o n c l u s i o n  is  tha t   chang ing   t he   s i ze   o f   t he  im-  

pingement area by a f a c t o r  of   three i s  not   impor tan t  as f a r  as t h e   f i t  

of ca lcu la ted   curves   wi th   exper imenta l   da ta   po in ts  is  concerned  for 

metals wi th   an   e ros ion   r e s i s t ance   comparab le   t o   t ha t   o f   i ron .   The re  is  

r e a s o n   t o   s u p p o s e   t h a t   t h i s   e f f e c t  may be  more impor t an t   fo r  metals t h a t  

a r e   h i g h l y   e r o s i o n   r e s i s t a n t .  The second  conclusion is t h a t   t h e   s t e p -  

s t r u c t u r e  of the  calculated  accumulated-volume-loss  curve i s  sha rpe r  and 

b e t t e r   d e l i n e a t e d   f o r   l a r g e   t h a n   f o r  small va lues   o f   t he   p robab i l i t y ,  p ,  

and  of t he   coun t ing   ru l e ,   (See   da t a   i n se t   i n   F igu re  28). On the  

bas i s   o f   t he   r e l a t ion   g iven   by   Equa t ion   6 ,   an   i nc rease   i n   s i ze   o f   a r ea  A 

should   have   the   e f fec t   o f   smooth ing   ou t   the   s tep   s t ruc ture   o f  a ca l cu la t ed  

curve. 
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V I .  CONCLUDING NOTE 

The  work  on a s t a t i s t i c a l  model   o f   e ros ion  ra te  d e s c r i b e d   i n   t h i s  

r e p o r t  i s  by  no  means  f inished.  Two q u a n t i t i e s ,   n a m e l y ,  n t h e  number 

o f   i m p a c t s   t h a t   m u s t   o c c u r   a g a i n s t  area A b e f o r e   t h e   f i r s t   s h a r p  rise i n  

volume l o s s  occurs ,   and   v ,   the   vo lume of an   e roded   f ragment ,   can  a t  

p resen t   on ly   be   a s ses sed   by   r ecour se   t o   expe r imen ta l   da t a   fo r   vo lume  l o s s  

w i t h   e l a p s e d  time o r  number of i m p a c t s   s u s t a i n e d .   A l t h o u g h   t h e   r e l a t i o n  

between  impact   energy  and  veloci ty   and  the  volume  of   an  eroded  f ragment  

h a s   b e e n   e s t a b l i s h e d   f o r  two shapes  of  f ragments ,   no  work  has  as y e t   b e e n  

done  to   determine  the  dependence  of   the  volume of  an  eroded  fragment  on 

t h e   s t r e n g t h  of t h e   s o l i d  material against   which  impingement   occurs .  

0 ,  

I n   a d d i t i o n   t o   c o m p l e t i n g   t h e  s t a t i s t i ca l  model f o r  Class A b r i t t l e  

materials which f a i l   u n d e r   e a c h   d r o p   i m p a c t ,   t h e   m o d e l   n e e d s   t o   b e  de- 

v e l o p e d   f u r t h e r   t o   i n c l u d e   t h e  Class B b r i t t l e  materials whose a b i l i t y  

t o   a c c e p t   e n e r g y  i s  l a r g e   i n   c o m p a r i s o n   w i t h   t h e   i m p a c t   e n e r g y   d e l i v e r e d  

by each   d rop   b low.   F ina l ly ,   t he   mode l   shou ld   a l so   be   ex tended   t o   i nc lude  

materials t h a t  are p e r m a n e n t l y   d u c t i l e   o r   p l a s t i c   a n d   e v e n   r u b b e r y  materials 

such  as neoprene.  What h a s   b e e n   p r e s e n t e d   i n   t h i s   r e p o r t  i s  r e a l l y   o n l y  

a beginning .  
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mII. LIST OF PRINCIPAL SYMBOLS 

A 

U 

r 

n 

n '  

d 

Ni 

NO 

V 

M 

e 

R 

J 

V 

n 

P 

= area over  which  impingement i s  occurr ing  

= area of a s i n g l e  ce l i  i n   t h e   a r r a y   o f  cel ls  cover ing   a rea  A 

= rad ius   o f   the   d rops   tha t   impinge  

= A/u = number of cells  i n  area A 

= number of c e l l s   t h a t   d e v e l o p   c r a c k s  when a s ingle   drop  impact  
occurs  

= diameter  of a ce l l  and a l so   d i s tance   across   an   e roded   f ragment  

= numbers  of t h e   c o u n t i n g   r u l e  

= f i r s t  number o f   t he   coun t ing   ru l e   o r  number of  impacts  required 
t o  remove a layer   o f   f ragments   f rom  the   o r ig ina l   sur face  

= impact   ve loc i ty  

= drop  mass 

= angle   of   a t tack  measured  f rom  the  surface of t h e  tes t  specimen 

= rate of volume l o s s  

= average rate of   e ject ion  of   f ragments   f rom  area A 

= average volume  of  an  eroded  fragment 

= some a r b i t r a r y  number of  impacts   aga ins t   a rea  A 

= u/A = probabi l i ty   o f  a h i t   a g a i n s t  any  one  of  the cel ls  i n  
a r e a  A 

P(x,n) = p r o b a b i l i t y  of x impac t s   on   ce l l   a r ea ,  u Y  when n impacts  have 
occurred on area A 

F(x,n) = number of   f ragments   e jected  f rom  area A a f t e r  n impacts  have 
occurred on area A 

Q = incremental  volume l o s s  

L = accumulated  volume  loss 

n = QN = number of impacts   that   must   occur   against   area A befo re  
0 0 t h e   f i r s t   s h a r p  rise i n  volume l o s s  occurs  

V = minimal  volume  of  an  eroded  fragment 
C 

V 
P 

= volume  of a prismatic  eroded  fragment 

= volume of  a te t rahedral   eroded  f ragment  Vt 
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E 

EC 

AC 

t o  

T 

Y 

V 

C 

sY 

S 

LIST O F  PRINCIPAL SYMBOLS (Cont'd) 

= t h e   p a r t  of the   impact   energy   inves ted   in   c rack   format ion  

= amount of  energy  needed  to  form a crack   of  smallest s i z e   o r  
the  minimal   value of  E 

= impact   ve loc i ty   for   which   the   energy   inves ted   in   c rack   format ion  
is  E, 

= a rea   o f   an   e roded   p l a t e l e t   o f   sma l l e s t   poss ib l e   s i ze  

= th ickness   o f   an   e roded   p la te le t  

= su r face   t ens ion  

= Young's  modulus  of e l a s t i c i t y  

= P o i s s o n ' s   r a t i o  

= hal f   l ength   o f  a G r i f f i t h   c r a c k  

= 0.2 p e r c e n t   o f f s e t   y i e l d   s t r e n g t h  

= s t rength   o f  a s o l i d  
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APPENDIX  A 

POSSIBILITI  OF  IMPACT  IONIZATION OF WATER 

The  heat of neutralization of water  at  infinite  dilution  is  13.4 
Kcals/mole,  that  is, 

H (liq) + OH (liq).- HgO(1iq) AH = 13.4  Kcals/mole. + - 

The  volume of a 0.2-cm  drop  is  (4/3)(3.1416)(0.001) or 4.2 x cm3. 
For  water,  this  drop  volume  is  equivalent to 4.2 x lom3 grams.  Because 
one  mole of water  is 18 grams,  the  heat  of  neutralization  per  drop  is 
found to be (4.2 x 10'3/18)[13.4]or  3.1 x 10-3  Kcals. 

If  the  relative  collision  velocity  is 880 ft/sec  (26,822  cm/sec), 
the  kinetic  energy  of  the  impact  is (1/2)(4.2 x (2.682  x 104)2 or 
3.6 x Kcals.  This  is  about 0.01 of  the  heat  of  neutralization  per 
drop,  which  was  found  to be 3.1 x Kcals. In terms of this  result 
it  is  reasonable  to  expect  that  some  ionization  will  occur. At relative 
collision  velocities  higher  than 880 ft/sec,  ionization  will  become  more 
probable. 
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APPENDIX B 

COLLECTION OF DROP-IMPACT-EROSION DATA 

by  John A. Almo 

I. EXPERIMENTAL  APPARATUS 

The b a s i c   f a c i l i t y   c o n s i s t s  of a 24 inch   d i ame te r   ro to r   w i th  a test 

specimen  attached a t  t h e   p e r i p h e r y ,   r o t a t i n g  i n  a hor izonta l   p lane .  A 

v e r t i c a l  stream of water drops i s  generated  and made t o   f a l l   i n t o   t h e  

path of  t h e   r o t a t i n g  test spec imen .   Pho toe lec t r i c   ce l l s   t r i gge red   by  a 

s lo t t ed   d i sk   connec ted   t o   t he   ro to r   p rov ide   s igna l s   fo r   synchron ized  

drop   genera t ion   and   for   s t roboscopic   observa t ion  of t h e   r o t o r  and f a l l i n g  

drop stream. Add i t iona l   e l ec t ron ic   appa ra tus  is used   to   p rovide   cons tan t -  

speed  operat ion a t  any   ta rge t   ve loc i ty   f rom 400 f t l s e c   t o  1250 f t l s e c ,   t o  

count   the  number of drop  impacts and t o   c o n t r o l   t h e  relative pos i t ion   o f  

the  drop stream and  the  rotat ing  specimen.   (Figures  1 and 2 show t h e  

rotor   assembly  with a 1/4-inch  diameter tes t  specimen  mounted i n   t h e  

r o t o r   t i p . )  

The r o t o r  i s  e n c l o s e d   i n  a p r o t e c t i v e  steel  chamber f i t t e d   w i t h  

t h i c k   p l a s t i c   v i e w i n g  windows. The chamber is evacuated  during  oper- 

a t i o n   t o   r e d u c e  power requirements  and  eliminate  windage  disturbance  of 

the   d rop  stream. (Figure 3 shows the  test r i g   w i t h   t h e   p r o t e c t i v e  chamber 

closed.  A view of t h e  tes t  r i g   w i t h   t h e  chamber  opened to   permi t   in -  

spect ion  or   change  of   the tes t  specimen is shown i n   F i g u r e  4 .  ) 

The r o t o r   s y s t e m ,   e s s e n t i a l l y   p a t t e r n e d   a f t e r   t h o s e   u s e d   i n   u l t r a -  

cen t r i fuges ,   p rovides   ex t remely   s tab le   h igh-ve loc i ty   opera t ion .  The 

tes t  appara tus   can   be   opera ted   cont inuous ly   for  up to   four   hours   dur ing  

which time water d r o p s   s t r i k e   t h e   t a r g e t   w i t h   d i s p e r s i o n   n o   g r e a t e r   t h a n  

two drop  diameters.  

11. APPARATUS  CHARACTERISTICS AND TEST PROCEDURES 

The fol lowing are d e s c r i p t i o n s   o f   s e v e r a l   a p p a r a t u s   c h a r a c t e r i s t i c s  

and tes t  procedures  which  have a bear ing  on t h e   r e l i a b i l i t y  and i n t e r -  

p r e t a t i o n   o f   t h e  test  da t a   ob ta ined .  
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A. Water Drops 

Degassed, d i s t i l l e d  water was used  throughout  the tes t  program. 

The water drops  (generated  by a v ib ra t ing   cap i l l a ry   t ube )   expe r i enced  

osci l la tory  shape  changes  immediately  af ter   formation.   These  osci l -  

l a t i o n s  w e r e  r a p i d l y  damped o u t   i n   t h e  vertical f a l l  from  the  drop 

genera tor   to   the   impact   t a rge t ,   however ,   and   drop   shape  a t  t h e  time o f  

impact w a s  o b s e r v e d   t o   b e   e s s e n t i a l l y   s p h e r i c a l .  

Drop  volume w a s  derived  from  measurements  of  flow rate t o   t h e   d r o p  

generator  and of drop  generat ion rate. This  method  of  measurement  gave 

a va lue  of drop  volume  accurate  to 21%. Drop diameter  was then   ca lcu la ted  

assuming a sphe r i ca l   d rop  of the  measured volume. 

B. Targe t   Veloc i ty  

T a r g e t   v e l o c i t y  was calculated  from  measurements of t h e   r o t o r  

d iameter   and   ro ta t ion  rate. The r o t a t i o n  rate was monitored  continuously 

throughout   the test  period  and  the  impact  process w a s  i n t e r r u p t e d   i f   t h e  

t a r g e t   v e l o c i t y   d r i f t e d   o u t s i d e   t h e  limits k1 f t / s e c .  

C. Drop Alignment  and  Impact  Count 

Drop gene ra t ion  w a s  i n i t i a t e d   a f t e r   s t a b i l i z a t i o n  of t h e   r o t o r  

speed.  Alignment  of  the  drop  stream  and  the  target  specimen w a s  in-  

direct ly   accomplished  with  the  drop stream descending clear of   the 

r o t o r   t i p .  Once  good alignment w a s  ob ta ined   ex terna l ly ,   the   d rop  

stream w a s  e l e c t r o s t a t i c a l l y   d e f l e c t e d   i n t o   t h e   p a t h   o f   t h e   t a r g e t .  

S imul taneous ly ,   an   e lec t ronic   counter  w a s  connec ted   to   the   def lec t ion  

c i r c u i t   t o   m e a s u r e   t h e   t o t a l  number of  deflected,   and  thus  impacted, 

drops. The synchron iza t ion   o f   t he   d rop   gene ra to r ,   de f l ec t ion   c i r cu i t  

and  rotor  w a s  such  that   an  impact   with a def l ec t ed   d rop   occu r red   fo r  

eve ry   ro to r   r evo lu t ion .  

The operator   cont inuously  observed  the  target   specimen  through a 

te lescope  and  a l lowed  the  count   to   proceed  unless   he  observed  excessive 

d r i f t   i n   t h e   i m p a c t   l o c a t i o n .   I f   t h i s   o c c u r r e d ,   h e   c o u l d   i n t e r r u p t   t h e  

drop  def lect ion  and  real ign  the  drop  impact   point .  Once r e a l i g n e d ,   t h e  

d e f l e c t i o n  w a s  reestablished  and  the  impact  count  continued. 

For  run times exceeding   f ive   minutes   the   e lapsed  t i m e  on   t he   t a rge t ,  

r a t h e r   t h e n   t h e  number of  impacts,  w a s  measured.  For  convenience, a l l  
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data  are l i s t e d   i n   e l a p s e d  t i m e ,  bu t  may easi ly   be  converted  to  number 

of  impacts  using  the known impact rate. 

D. Impinged Area 

A t  t he  1000 f t /sec  operat ing  speed  used  in   these tests, windage 

e f f e c t s  from the  remaining a i r  i n   t h e  test chamber produced a random 

impingement location  circumscribed  by a c i rc le  of  diameter  equal  to two 

drop  diameters.  All tests, with two exceptions  to  be  noted la ter ,  were 

carried  out  under  these  dispersion  conditions.  

E. Drop Splash 

Observations  of  the  conical  spray  pattern produced a t  impact  suggest 

t h a t   t h e   i n i t i a l  l a te ra l  l iquid  f low  following  impact  does  not  occur  in 

a purely  radial   d i rect ion,   but   possesses  an add i t iona l  component normal 

to   the  specimen  face. No quan t i t a t ive  measurements  of th i s   f low were 

made. 

F. Ambient Test Pressure 

Throughout the tes t  program the  ambient  pressure was maintained a t  

0.02 atmospheres. No evidence of d rop   i n s t ab i l i t y   ( i nd ica t ive  of  bo i l ing)  

w a s  observed. A t  pressures   greater   than 0.02 atmospheres,  the  windage 

disturbance  of  the  drop streams increased,  result ing  in  an  increased 

dispersion  of  the  impact  location. A t  pressures  lower  than 0.02 atmo- 

pheres ,   drop  s tabi l i ty  w a s  adversely  affected. 

G. Ambient Test Temperature 

The temperature  on a l l  wal l s  of  the tes t  chamber was kept a t  10°F 

t o  condense water vapor formed by the  impact  process. The drop  generator 

expelled  drops a t  e s s e n t i a l l y  room temperature,  but  the  drop and t a rge t  

temperatures a t  the  time of  impact are unknown. Tests conducted a t  

speeds below 500 f t / s e c   i n  an earlier program showed an ice  formation 

around the   t a rge t  area. A t  1000 f t / s e c  no ice  formation was evident, 

bu t   rad ia l   forces  were probably  too  great  to  al low ice  formation. 

H. Specimen Handling 

A l l  t a rge t s  were in i t ia l ly   inspec ted   for   obvious   sur face   ch ips ,  

dents ,   o r   o ther   mechanica l   i r regular i t ies  and ind iv idua l ly  washed i n  

methyl  ethyl  ketone  to remove machine o i l  and grease.  After  the MEK 

wash, the   t a rge ts  were handled  only  with  forceps  or   surgical   g loves  to  

avoid  fur ther   oi l   contaminat ion.  The t a rge t s  were then  thoroughly washed 
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i n   d i s t i l l e d  water, d r i e d   f o r  one  hour i n  a ho t  a i r  stream, and s to red  

i n  a d e s i c c a t o r  j a r  in   individual   specimen  envelopes.  

A f t e r  24 h o u r s   i n   t h e   d e s i c c a t o r ,   t h e   t a r g e t s  were weighed  on a 

labora tory   ba lance   (accuracy  2 0.05 mil l igram)   and   re turned   to   s torage  

i n   t h e   d e s i c c a t o r .  A s  a p r e c a u t i o n ,   t h e   t a r g e t s  w e r e  weighed   aga in   jus t  

p r i o r  t b  t e s t i n g  and   any   d i sc repanc ie s   w i th   t he   f i r s t  measurement were 

reso lved  by add i t iona l   we igh ings   be fo re   t he   t a rge t s  w e r e  mounted  on t h e  

r o t o r  arm f o r   t e s t i n g .   I m m e d i a t e l y   a f t e r   t e s t i n g   t h e   t a r g e t s  were 

g e n t l y  washed i n  d i s t i l l e d  water, d r i e d  i n  t h e   h o t  a i r  stream, and re- 

tu rned   t o   t he   des i cca to r .  The f i n a l   w e i g h t s  were t h e n   r e c o r d e d   a f t e r  

24 h o u r s   i n   t h e   d e s i c c a t o r .  Again as a precaut ion   each   ta rge t  was 

weighed a t  least  twice. 

I. T e s t  Methods 

The weight- loss-versus-exposure- t ime  data   for   z inc,   i ron,   tantalum, 

and   n icke l  were obtained  by a single-test-point-per-sample  method. Each 

da ta   po in t   r ep resen t s  a d i f f e r e n t  sample   o f   the   mater ia l   t es ted   for   the  

i n d i c a t e d  time. This method  of t e s t i n g  was chosen so t h a t   i n d i v i d u a l  

specimens  represent ing  the  var ious  exposure times could   be   re ta ined   for  

physical   examination. The  Udimet m a t e r i a l s  were t e s t e d   i n   t h e   u s u a l  

cumulative-weight-loss-on-a-single-sample  manner  for  reasons  to  be ex- 

p l a ined  la ter .  

111. RESULTS 

S ix   ma te r i a l s  w e r e  t es ted :   z inc ,   i ron ,   t an ta lum,   n icke l ,  Udimet 700 

(aged),  and Udimet 700 ( so lu t ioned) .  A d i scuss ion   of   the   t abula t ions   o f  

weight loss versus  exposure t i m e  for   each  material is  presented  below. 

A. Zinc (see   Table  1) 

L i t t l e  o r  no "incubation" t i m e  was obse rved   fo r   t he   z inc  samples 

under   the  condi t ions of t e s t i n g .  The s h o r t e s t   e x p o s u r e  t i m e  taken,  

Sample 2 ,  showed a v e r y   d i s t i n c t   c r a t e r   a f t e r  15.2 sec of  exposure. 

Dist inct   r idges  around  the  impact  crater a re   p robably   ind ica t ive   o f  

p las t ic   deformat ion .   These  were observed  on  Samples 2 ,   4 ,  5 ,  10, 1 2 ,  A ,  

and C. Samples 1 4  and 18 are n o t   r e l i a b l e ,   s i n c e  a h o l e  w a s  punched 

th rough   t he   t a rge t   du r ing   t he  t es t  run  and  the t i m e  a t  which  the 
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punch-through occurred  could  not  be  observed.  During  the test  run  on 

Sample 13 the  impact   locat ion  dr i f ted  ver t ical ly   approximately 5 drop 

diameters; Sample 13 is  therefore   a l so   unre l iab le .  

Sample 15 w a s  h i t  a t  two separate   locat ions.  A t  one a small crater 

formed a f t e r  11.9 sec and a t  the o ther  a much l a rge r  crater formed a f t e r  

180 sec of  impact time. The f ina l   we igh t   f i gu re  shown f o r   t h i s  sample 

is  the sum of   the   losses   for   the  two c r a t e r s ;   t h e   w e i g h t   l o s s   f o r   t h e  

11.9 sec exposure crater alone was 0.2 milligram. 

B. Iron  (See  Table 2) 

The d i s t inc t   r i dge   a round   t he   c r a t e r   ev iden t   i n  many of   the  z inc 

samples w a s  present   only on Sample 1 of   the  i ron series. The addi t iona l  

column l a b e l e d   " i n i t i a l  damage" lists the  exposure t i m e  a t  which the  

opera tor   f i r s t   observed  damage on the  test specimen  face.  Althougp  the 

test  procedure from  sample t o  sample was unchanged, a wide   va r i a t ion   i n  

i n i t i a l  damage rime w a s  observed. 

C. Nickel  (See  Table 3) 

Samples 1, 8, and 12 of t he   n i cke l  series had d i s t i n c t   r i d g e s  

surrounding  the  impact  crater. The n icke l  tests were conducted  early 

i n   t h e  program before i t  became a p p a r e n t   t h a t   i n i t i a l  damage t i m e  might 

vary   s ign i f icant ly  from  sample t o  sample.  For this   reason  only  four  

v a l u e s   o f   i n i t i a l  damage t i m e  were recorded. 

Unlike  the  other materials tes ted ,  most  of the  nickel  samples 

showed clear  evidence of some form of  secondary  impact damage. With 

the  exception  of Samples 1 and 2 ,  which  had the  lowest  exposure times, 

the   n icke l   t a rge ts  were character ized by the  appearance  of  small  dents 

dis t r ibuted  over   the  face  of   the   target   af ter   an  impact   erosion  crater  

had  formed. The dents  did  not  have  the same shape as the  primary  crater 

formed a t  the  impact  point,   but  rather  appeared  to  be small material de- 

formations  with l i t t l e  o r  no actual   mater ia l   loss .   Possibly  these 

indentat ions were formed  by the  impact  of  the  target  with  small   material  

fragments removed from the  drop impact  crater.   Since  only  the  nickel 

specimens  exhibited  the  secondary  impact damage, the  secondary impac t  

of   the   target   with  the  l iquid  spray cone formed a t   t h e  drop  impact  point 

(which  occurred f o r   a l l   m a t e r i a l s   t e s t e d )  is  probably  not  the damage 

mechanism. 
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D. Tantalum  (See  Table 4 )  

Samples 1, 3, and 8 had dis t inct   r idges  surrounding  the  impact  

crater. Sample 2 w a s  inadvertent ly   run a t  a pressure of 0.04 atmospheres, 

resu l t ing   in   an   impact  area 3 drop  diameters wide.  Sample 9 w a s  punched 

through sometime during  the test run and i s  therefore   unrel iable .  The 

i n i t i a l  damage times observed  had  large  variations,   again  with no vari- 

a t i o n s   i n  test procedure  from  sample t o  sample. 

E. Udimet 700 (See  Tables 5 and 6) 

The U-700 materials proved to   be   ve ry   r e s i s t an t   t o  damage and were 

therefore  tested  for  cumulative  weight  loss on a s i n g l e  sample. I f   t h e  

single-test-point-per-sample method used  with  the  other materials had 

been  used  on  the U-700 series, over  100  hours of t e s t i n g  time would have 

been  necessary  to  gather  sufficient  data  for a w e l l  defined  weight loss 

curve. 

Sample 1, aged U-700, w a s  t e s t ed   fo r  a t o t a l   o f  1080 minutes, as 

shown i n  Table 5. The sample w a s  removed from the  apparatus,  washed, 

dr ied ,  and  weighed a t  the t i m e  i n t e rva l s  shown.  The weight column l i s t s  

the sample  weight a t  the  end of  any test in t e rva l ;   t he  time column is  

cumulative. The sample w a s  no t  weighed a t  t h e   i n i t i a l  damage t i m e .  

Samples 2 and 3 of  the  solutioned U-700 material were t e s t ed   t o  

i n i t i a l  damage time only. Sample 4 ,  solutioned U-700, w a s  t e s t ed   fo r  a 

t o t a l  of 960 minutes, as shown i n  Table 6. 

REFERENCE 

1. Ripken, J. F., "A T e s t  Rig for  Studying Impingement  and Cavitation 
Damage," Erosion b~ Cavitation or Impingement, ASTM Technical 
Publication No. 405, 1967. 
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TABLE 1 

ZINC 

Sample 

A 1  

B 

C 

2 

4 

5 

7 

10 

12 

13 

14 

15 

16 

17 

18 

V 
( f  t / sec)  

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

Drop 
Diam. 
(mm) 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

,866 

.866 

.866 

.866 

Impact  Exposure Impact 
T. Rate 

(set) drop/sec 

195.1 

135.8 

75.7 

15.2 

30.1 

60.3 

120.4 

240.2 

90.0 

152.5 

182.7 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

180.0  161.5 

210.5  161.5 

225.1  161.5 

257.1  161.5 

I n i t i a l  F ina l  
W t  . W t  . 

(gms 1 (gms 1 

.9379 

.9490 

.9641 

.9663 

.9724 

1.0144 

.9844 

1.0148 

.9816 

.9731 

-9696 

.9222 

.9380 

.9600 

.9660 

.9713 

1.0128 

.9801 

.9899 

.9775 

.9621 

.9514 

.9938 .9814 

.9701  .9512 

.9603  .9391 

.9620 -9388 

Specimens A, B, And C were thicker  than  the  other  specimens. 

Comments 

Crater  Ridge 2 

Crater  Ridge 

Crater  Ridge 

Crater  Ridge 

Crater  Ridge 

Crater  Ridge 

Crater  Ridge 

Drop D r i f t  

No.  14 H i t   O f f  
Center Hole 
Through Target 

No. 15 Two Holes, 
One 180 Sec. 
One 11.9 Sec. 

D r  ill Through 

2 
A ridge  of  metal formed around  the  crater ;   eroded  par t ic les   appeared  to  
detach from th i s   r i dge .  
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TABLE 2 

IRON 

Sample 

1 

2 

3 

4 

5 

6 

7 

8 

10 

11 

12 

13 

15 

V 
(f t / sec)  

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

Drop Impact Exposure Impact I n i t i a l  Final I n i t i a l  Comments 
Diam. T. Rate W t  . W t .  Damage 
(mm) (set) drop/sec (gms) (gms) T. 

(set) 

.866  240.1 

.866 480.1 

.866 960.1 

.866 1920.1 

.866 3840.1 

.866 1440.0 

.866 2880.2 

.866 6000.1 

.866 600.2 

.866 802.1 

.866 1207.2 

.866  5000.0 

.866 701.1 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

1.0645 

1.0664 

1.0376 

1.0625 

1.0424 

1.0515 

1.0738 

1.0634 

1.0604 

1.0482 

1.0566 

1.0362 

1.0432 

1.0631 

1.0640 

1.0321 

1.0533 

1.0279 

1.0440 

1.0614 

1.0414 

1.0556 

1.0425 

1.0509 

1.0154 

1.0377 

170 Crater Ridge 

210 

1 

180 

190 

170 

185 

297 

197 

121 

157 

200 

245 

75 

A ridge of metal formed around the cra te r .  
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TABLE 3 

NICKFL 

Sample V Drop Impact Exposure Impact 
( f t /sec)  Diam. T. Rate 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

(mm) 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

-866 

.866 

-866 

.866 

.866 

(see) 

14.6 

30.4 

90.1 

36.0 

61.9 

150.2 

302.3 

600.2 

900.0 

1500.0 

1200.2 

1800.0 

2100.2 

2400.0 

2700.7 

droplsec 

161.5 

161.5 

161.5 

161.5 

161.5 

161  -5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

I n i t i a l  
W t  . 

(gms 1 

1.2242 

1.2050 

1.2087 

1.2172 

1.2135 

1.2400 

1.2404 

1.2533 

1.2457 

1.1957 

1.2530 

1.2448 

1.2524 

1.2413 

1.2064 

Final 
W t  . 

(gms 1 

1.2233 

1.2048 

1.2074 

1.2159 

1.2111 

1.2369 

1.2341 

1.2419 

1.2309 

1.1760 

1.2391 

1.2275 

1.2318 

1.2207 

1.1792 

I n i t i a l  Comments 
Damage 

( s e d  

10  Crater Ridge 

25 

1 

40 

15 

Crater Ridge 

Crater Ridge 

Footnote 2 

A ridge of metal formed around the   c ra te r .  

The eroded  hole was oblong which suggests  that  there was  some d r i f t  i n  the  point 
of impact of the drop. 
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Sample 

1 

2 

3 

4 

5 

6 

8 

9 

11 

12 

13 

14 

15 

V Drop 
( f t / sec)  Diam. 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

(mm) 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

TABLE 4 

TANTALUM 

Impact Exposure Impact 
T. Rate 

(set) drop/sec 

348.7 

6900.0 

1206.3 

6000.2 

2419.6 

4799.2 

600.3 

9600.0 

3250.1 

2000.2 

7000.6 

1500.0 

800.2 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

I n i t i a l  Final 

(gms 1 (gms 1 
W t  . W t  . 

2.3510  2.3510 

2.2779  2.2286 

2.3154  2.3055 

2.2502  2.2186 

2.2475  2.  ?267 

2.2710  2.2423 

2.3456  2.3410 

2.2915  2.2493 

2.2068  2.1810 

2.1901  2.1762 

2.2161  2.1805 

2.2761  2.2684 

2.2090  2.2036 

I n i t i a l  Comments 
Damage 
(set) 

320 Crater Ridge 

Drop Scatter 
270 3 Drop  Diam. 
230 Crater Ridge 

250 

170 

230 

277 Crater Ridge 

230 Hole  Thru Target 

250 

3 20 

400 

200 

91 



TABLE 5 

AGED UDIMFT 700 

Sample V Drop Impact Exposure Impact Weight Comments 
No. 1 (f  t/sec) Diam.  T. Rate (gms 1 

(mm) ( s e d  drop/sec  

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

1000 .866 

00000 

8100.0 

9000.0 

12616.5 

14416.5 

18016.5 

21616.5 

25216.5 

28816.5 

32416.6 

35999.9 

43200.0 

50400.0 

57600.2 

64800.0 

- 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

1.1004 

I n i t i a l  Damage 
(Approximate) 

1.1001 

1.0956 

1.0927 

1.0898 

1 .OS74 

1 .OS54 

1.0834 

1.0820 

1.0806 

1.0775 

1.0761 

1.0742 

1.0724 Hole Thru Target 
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Sample V 
(f t /sec)  

2 1000 

3 1000 

Sample V 
N o .  4 ( f t /sec)  

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

Drop 
Diam. 
(mm) 

.866 

.866 

Drop 
Diam. 
(mm) 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

.866 

TABLE 6 

SOLUTIONED UDIMET 700 

Impact Exposure 
T. 

(set) 

3661.2 

7200.0 

Impact Exposure 
T. 

( s e d  

0000.0 

7265 .O 

9065.8 

10866.2 

12666.2 

16266.2 

19866.3 

27066.4 

33553.2 

41405 -7 

49605.7 

57602.9 

In i t ia l   F ina l  Comments 
W t  . W t  . 

(gms 1 (gms 1 

1.1626 1.1623 

1.1515 1.1513 

Impact 
Rate 

drop/sec 

- 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161.5 

161 -5 

Weight Comments 
( g m s  ) 

1.0731 

I n i t i a l  Damage 

1.0707 

1.0669 

1.0658 

1.0632 

1.0617 

1.0586 

1.0544 

1.0500 

1.0466 

1.0454 Hole Thru Target 
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APPENDIX C 

A. DESCRIPTION OF THE REQUIRED C O m E E R  PRLG-IM 

by D r .  J. K. Casey,  Applied  Mathematician, 
Computations Operation,  General Electric Company, Evendale, Ohio 

The required program is for   the   func t ion  

n 

T (n) = x v ( x > ~  (x,n> 

x = o  

where 

P (x,n) = n! 
(n - x)! x I px (1-p) n-x 

and 

etc .  

The function  v(x) i s  a s tep  funct ion;   the Ni quant i t ies  are the 

length of the  t reads and the Ri are heights  of the  risers. 

The graph  of  v(x)  should,  therefore,  have  the  appearance  indicated 

below. v (x> 

X 

NO NO No+N1 No+N1 
+ N 1  +N2 +N2+N3 
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I 

Tread  lengths and riser he igh t s  beyond  those   spec i f ied   in   input  are 

assumed t o   e q u a l   t h e   l a s t   v a l u e s   t h a t  were input .  Thus i f  No, . . . N4 

and R l ,  ... R4 were inpu t ,   t hen  N5,  N6, ... are taken   equal   to  N4 and 

R5,  R6, ... are taken   equal   to  R4. Provis ion  should  be made f o r  a t  

least  7 t read   lengths   and  6 riser h e i g h t s   t o   b e   s u p p l i e d   i n   t h e   i n p u t .  

B. COMPUTER PROGRAM 

by M. A. Cummings, Manager,  Mathematical  Applications 
Computations  Operation,  General Electric Company, Evendale,  Ohio 

A computer  program fo r   t he   func t ion   T (n )  w a s  w r i t t e n   i n   d o u b l e  

p r e c i s i o n   F o r t r a n  I V .  The program w a s  based  on  an earlier v e r s i o n   i n  

the   bas ic   l anguage  by Lars H. Sjodahl .  A p r i n t o u t   o f   t h e  program i s  

given  below. 

The inpu t   da t a   fo r   t he   p rog ram  a re :  

p r o b a b i l i t y ,  p 

coun t ing   ru l e ,  No, N l ,  N 2 ,  N3,  N4, e t c .  

volumes, --, Rl, R2,  R3,  R4, etc. 

number  of impacts,  n = t o  n = Step  n = 

I f   t h e  program is run   wi th  R 1  = R2 = R3 = e t c .  = 1, t h e   p r i n t o u t  i s  

i n   l a y e r s  of  fragments removed a t  the   spec i f ied   va lues   o f  impac t s ,  n. 

I f   t h e  program is run   w i th   t he   spec i f i ed   va lues   o f   t he  Ri, t h e   p r i n t o u t  

is accumulated  volume l o s s  a t  the   spec i f ied   va lues   o f  impacts ,  n. 

Runs wi th   use  of  t h i s  program  can  be  obtained  by  applying  to 

M r .  M. A. Cummings, Mail Stop H8 ,  General  Electric Company, Evendale, 

Ohio. 
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D I M E N S I O N   N N ( 2 0 1 ) , R R ( 2 0 0 )  
DOUBLE PRECISION PO,N,P~,DIL ,XIR~,R~,T ,S,P,XO,X~,P,DI ,R,  

2 NDELTA,NMAX,NNIRR~SOUND~~BOUNDZ 
DOUBLE PRECISION X X  
NAMELIST/IN/PO,N,NN,RR9NOELTA,NMAX 
WRITE (6,101 

10 FORMAT ( ~ H ~ , ~ X I ~ H P O ~ ~ O X , ~ H N ~ ~ O X , ~ H F R A G M E N T S / / )  
5 C A L L   F L G E O F ( 5 r I E O F )  

QEAI? ( 5 , I N )  
I F   ( I E O F  *NE. 0 )  GO T O  9 9 0  
P l = P O / ( l * - P 0 )  

100 T = O a  
s = o a  
I NUM= 1 
SBOUND=NN ( 1 ) 
PSTAR=O a 

D = - l .  
L=N*PO 

X l = R R ( I N U M )  
SOUNDl=NN( INUM) 
BOUND2=NN(  INUM)+NN(  INU'1 '1)  
I L = I F I X ( L )  
x =  I1 
R l = X *   D L O G ( P 0 )  
R 2 = ( N - X ) *   D L O G ( 1 a - P O )  
R = 0  a 

DO 200 I = l r I L  
X I = F L O A T ( I )  

I F   ( N N ( 1 )  aGEa L )  LZNN( l .1  

2 0 0  R=R+  DLOG((N l . - X I ) / X I )  
R = D E X P ( R + ( N - X ) * D L O G ( 1 . - P O ) + X + D L O G ( P O ) )  
P= R 

XX=DABS(BOUNDl -NN( l )  1 
4 2 0  IF ( X ~ L T ~ B O U N D l a A N D a B O U N D l ~ G T ~ N N ( 1 ) )  GO T O  4 4 0  

IF ( X X  a L T a  (.OOOOOl) aPND. X aLTa  BOUND11 GO T O  4 3 5  
4 3 0   I F  (XaGE.  BOUND1  aPNDa XaLTa BOUIYDZ) GO T O  4 4 5  

I F   ( I N U M  *NE. 2 0 0 )  GO T O  4 3 3  
WRITE ( 6 9 4 3 2 )  

X X = X l * P  
WRITE  (6 ,434 )  PO,N,S,XX 

GO T O  6 6 0  

BOUNDl=BOUNDZ 
SOUND2=BOUND2'NN(INUM+lJ 
X l = X I + R R ( I N U M )  
GO T O  4 3 0  

GO T O  600 
44'2  BOUNDZ=BOUNDl 

INUM=INUM- l  
BOUNDl=BOUNDl-NN  ( INUM+l)  
X l = X l - R R I I N U M . ' l )  

4 3 2  FORPAT ( 1 7 H  PARTIAL   SOLUTION)  

4 3 4  FORMAT ( F 1 2 a 9 r F 1 1 . 0 9 2 F 1 6 a 9 )  

4 3 3   I N U F = I N U M + l  

4 3 5   D = l a  

445   S=S+P*X l  

4 8 0   I F   ( D  a L T a  ( 0 a ) )  GO T O  500 
PSTAR=PSTAR+P 

P = P * ( N - X ) / ( X + l . ) * P l  
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GO TO 510 
500 P = P + X / ( N - X + I * ) / P l  
5 1 0  X=X+D 

I F  ( ( P * X l )  .CEO (.000001)) GO TO 4 2 0  
590 I F  ( D  *EQ. ( -1 .0 ) )  S@CUND=X 

I F  (D.EQ.1.01  UBOUND=X 
D = 0 + 2 * 0  

6 0 0  I F  (S*EQ.O.O) GO T O  6 1 0  
T=T+S 
s=0. 

610 I F  (DeNE.1.0) GO T O  6 2 0  
I X = I F I X ( L + 1 * )  

X = F L O A T (  I X )  
IL=IFIX(LI 

GO T O  430 
P=R*(N-FLOAT(IL))/(FLOAT(IL)+~*)*PO/(~. 

620  W R I T E  ( 6 9 6 5 0 )  PO,N~SBOUNDIUSOUND,T 
6 5 0  FORMAT ( F 1 2 ~ 9 r F l l . O , F 6 . O , F 5 ~ O ~ F l 6 ~ 9 )  
6 6 0  I F  ( N  *GE.   NFAX) GO TO 5 

N=NeNDELTA 
GO TO 100 

E N D  
990 STOP 
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